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search for a best subset from a large set of complex-valued
basis functions, This algorithm is used to design digital
finite-duration impulse response (FIR) filters having fewer
coefficients than conventional FIR filters. An optimum
conventional FIR filter is derived which has best uniform
spacing of the fixed number of samples which are to be
used, and examples are presented which show that, for the
same nunber of coefficients, the complex-subset-selection
filter can give better results than the optimum
conventional filter.

The complex subset selection method is also applied
o0 estimation of the frequencies of sinusoids in the
presence of noise., A windowing techniéue is introduced to

increase the efficiency and accuracy of the algorithm for
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CHAPTER 1

R

INTRODUCTION

This 1s a report of work done on digital .
filter design and sinusoidal-tone estimation by the complex

sukset selection method. In the complex subset selection

method, a set of complex basis functions are chosen and a
best subset 1is selected to represent a desired function,
The desired functions investigated are an ideal transferz
tunction of a low-pass digital filter, and the sum of twc
sinusoidal tones. The summed squared-megnitude error is
used as the criterion for subset selecticn.,

One can design a digital lowpass FIR filter by use
of the window method (1), frequency sampling (2),and other
techniques (3),(4)., In all of these methods, the input data
elements are uniformly spaced in time with respect to one

ancther. Instead, we search for the best M data elements:

which may or may not be uniformly located, to minimize the
least sgquares errecr in approximating the desired transfer
function. We¢ compare the result with a filter having the ;

same number of coefficients, but uniformly spaced g 4

locations,

i T

We will also investigate sinusoidal-tone parameter

estimation, which 1is a very important subject in

- i it
22

compunication systems., Linear predictiocn (5) and spectral

estimation (6) are ¢two well known methods for estimating !

e oo b i DL,
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parameters of tones, such as frequencies., Both ¢f these
methods can produce biased estimates of the the signal
parameters when more than oné signal is present (7). ¥e use
complex subset selection to estimate frequencies of tones
without such bias. The effect of additive noise is
discussed, and the results are compared with Cramer-Rao
bounds computed by Rife (8). A windowing technique is
applied to increase the accuracy and the efficiency of the
algorithm, By ®windoving technique", vwe mean that a small
set of basis fuctions is always chosen over potentially
productive intervals, which will be searched for a best
subset, and other intervals are ignored. That is,
potentially productive intervals are first located, and
only these intervals are searched for the desired
freguencies.

The basis for complex subset selection is reviewved
in the following paragraphs:

Regression analysis may be broadly defined as the
analysis of relationships among variables, It is one Of the
most widely used statistical tools because it provides a
simple nmethod for establishing a 1linear functional
relationship among variables, The relationship is expressed
in the form of an equation connecting the response or
dependent variable 9, and one or more independent

variables, X ,X ,ecc00,X « The regression equation takes
!

the form
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vhere q,ha......hh are called the regression coefficients
and are determined from the data, However, in sonme
applications, one needs to select M out of the N (M < N)

{independent variables to best approximate y by

a U 432 U +.eeseta u (1.2)
11 22 MM

A
y:

vhere 0 = { ul,.....,uh1} is a subset selected from X =
{x',.....,xhl}. Examining all ¢ :#) = Nl/(N-M)!M! different
subsets to select the best subset involves a lot of
computation, especially when N is large.

Hocking and 1leslie (H~L) (10) have developed an
algorithm for finding the best subset., In their algorithnm,
they first test the variables which are superior: That is,
the ones which, when omitted from the linear regression
equation, result im a larqgqe residual error., If a best
subset 1is obtained, they stop. Otherwise, the variables
vith smaller residual error are tested until a best subset
is obtained. They have developed a criterion for examining
only a fraction of all possible subsets and stopping after
the best subset is selected, The squared error cri*erion
vas suggested by Mellow (11) ¢to be used in linear
regression models,

The H-L algorithm was further investigated by

5l iR

v
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4
LeMotte and Hocking (12) for estimation <c¢f the linear
regression coefficients to fit a surface of the form in
(1. 7). They have also introduced some other improvements to
reduce the amount of computation. Later, levasseur and
levis (13) considered antenna design as a partial basis
problem. They, too, applied a generalizatiom of the H-L
algorithm. The value of extending the work of lLevasseur and
Lewis to complex-valued functions was pointed out by D. W,
Tufts. He also suggested applying the method to the
synthesis of digital filters aprd to estimation of signal
parameters in the presence of noise.

In the following chapter, we restate the methods of
H-L and Levasseur and Lewis for complex subset selection to
make it useful for the problems considered in this thesis.
Digital filter synthesis will be discussed in chapter 3.
And chapter 4 is devoted to estimation of the frequencies

of sipusoidal signals by the method of ccmplex subset

selection,

L s e A o




3 ¥

CHAPTER 2

COMPLEX SUBSET SELECTION

2.1- Introduction

Our objective is to extend an algorithm for partial
basis selection to complex-valued basis functions, In this
case, we have a large set of exponertials with imaqinary
arguments as basis functions. the desire is to approximate
a given function by choosing a best subset of the basis set
with minimum approximation error. The least squares error

. is wused as the criterion for subset selection. The

algorithm is designed such that usually only a fraction of
all possible subsets is examined, and it comes to a halt as
soon as @& best subset 1is selected, Hence, considerable

‘

amounts of time and computation can usually be saved by not

o et 0 i B S et stn g s e AN e o

examnining all possible subsets.
This algorithm is suitable for such problems as

digital filter design and sinusiodal-tone estimation. This

e AL - S i A

is due to the representation of the transfer function of a

e

5 nonrecursive digital filter and the vaveform of multiple
sinusoidal signals by 1linear combinations of exponential
functions with imaginary arquments,

Some work has been done on partial bacis selectiorn

e Mas5ix i Al LN TR oM CE O A AN AT OISV RS 5 0 e 3T 0

of real-valued functions by levasseur and lLewis (13)., Their




derivation is restated in the next section for complex

partial basis selection.

2.2- The Algorithm

It is desired to approximate a given function D(x)
by a best subset of M elements chosen from N linearly
independent complex basis functions relative to some error
noim. The least . squares norm is discussed because of its
later use, but other norms can be applied, as well. ,
Let us define a set of N complex basis functions as

a vector H, and a subset with M ( M < N) elements selected

from H as a vector U,

H =[h ,h '-oooooo'h .] (2'201)
1 2 N
T
U ‘_"[u e U '.oco..o'u] (202.2)
1 2 M
U & H
h (ty = EXP(Jw t) i=1'2,..ooo,N (2.2-33)
i i
Or
h (') = EXP(Jwt ) i=1,2'.oooo,N (20 2. 3b)
i i

The subset parameter vector is defiped as

e e e e~ n W
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G = [91,g2,........9u] (2.2.4)

in which the conmpcnents of G are distinct and for some

value of i

L for some value of i when h
il is defined by (2.2.3a) '
g = (2. 2.5)
t for some value of i when h
L_l is define by (2.2.3b) '

for n=1,2,ee¢,M and i=1,2,¢0.,N

UTY peans transpose, and J=VCT.

The basis functions can have two versions in (2.2.3) so
that +the approximaticn can be done either in the time
domain or the frequency domain. One can replace time with
position, and have basis functions related to location inm

space. The approximating function BA(x) is of the form

T
A (x) =ic u =CU (2.2.6)
k=1 k Kk

in which the coefficient vector C is defined by

T

C = [C 2 C '.oooooo.C] (2.2.7)
1 2 M

The error of approximation is defined to be

NN T A i ok
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2 2
E(C,G) = “D(x) - A(x)“ =J;(x) D(x) - A(x) | dx

(2.2.8)

and W(x) is a weight function which <can be 1 or any
suitable function. The error E(C,G) is to be wminimized by
choice of the subset parameter vector G and the coefficient
vector C, Choosing G is equivalent to choosing a subset of
M basis functions.

It is impractical to search over all (Fj) suhsets
to find the best one, esecially when N is large which is
the case 1in most situvations, Hence, the following method
is adopted which is based on the Hocking and Leclie (10)
algorithm, as extended by Levasseur end Lewis (13) to a
partial basis problen,

In the adopted method one searches for the
potential basis functions which contribute the most to the
error function by their deletion, That is, a set of error
functions, Ei 's is obtained where E( corresponds to the
error due to a best approximation by using all basis

functions excluding the ith one,

E = Min. ”D(x) -ic h ” (2.2.9)
i k=1 k k
{c} k#i

Then, the basis functions are re-ordered in a way that




their corresponding Eierrors are in ascending order.

E 6 E < XX EE R < E (2'2°1O)
1 2 N

The basis functions coresponding to the large Ei's are
usually the potential basis functions which are good
candidates to be kept at the begining of the search. Let r
be a set of r= N - M basis functions to be delet2d and let
ER be the corresponding approximation error. Also, defiine p
to be initially equal to r. Now, +the search can be
ipplemented in the following three steps.

STEP~1. Delete the r basis functions corresponéing
to Ey 's with subscripts less than, or equal to r (i € ©),
and compute the vwginimum error ER . If ER E'l' go to

+

step-3. If . > E , follow step-2.
P+l

STEP~2., Increment p by 1, and compute the error for
all (i) combinations of deleting r out of p basis
functions vwhere deleted basis functions correspond to El's
with i £ pe Let ER be the aminimum error obtained from all

possible (i) combinations, If ER £ E_, go to step-3;

=
otherwise (ER > Ep ) re-execute step-2.
+1

STEP-3. If ER K E a best subset has been

Foif

il el

P
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achieved, and no further search is necessary. Hence the
selected basis functions are those which have been kept for
best approximation with minimum error either in step-1 or
step-2,

NOTE: Step-1 is to start the search while step-2 is
executed over and over until a best subset is obtained.

The search algorithm was outlined in the above
three steps, but i4 was not explaired why one stops
vhenever ER  E o Now, this will be discussed.

Assume p=r + g with 1 g < M to be a general case,
Let 1I= {1,2,...p} be a set of p indices taken from the set
b,z,...... N} vith largest element p., L&t Iq be a set of r
indices selected from I which result in minimum error by
their deletion, and 1let I'c{],2,....., N}be any set of 1

indices with an element i*' > p + 1. The intention is to

show that if

N
ER = Min, ID ‘2:" h ”g E (2. 2.11)
i=1 i i pti
{C} i¢1q
ther,
g -2 |2 (2.2.12

for any 1°.

The statement (2.2.12) can be proved as follows:
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E (E BECAUSE i' > p+1

E&ois the minimum error obtained by deleting i'th basis

function plus some otbher ones, as well. Hence,

it I

and,

ER

A
4
IN
o
A
(&)

p+l it It

Thus, at any point, if the statement ER ( EP ‘is satisfied,
+

no further search would be necessary., However, if ER EPﬁ
is never satisfied, all the ©possible sub=zcis will be
examined to select the best cne.

To show the power of this algorithm, somo numerical
examples will bz presented in the following chapters. Also,

a windowing technique will be applied to improve the

efficiency of the algorithm.

R e - nom— R N I E SR Yo
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CHAPTER 3

PILTER SYNTHESIS

3.1- Introduction

A finite-duration impulse response (FIR) filter can
be represented with a set of coefficients and delays as
depicted in Figure 3.%. The frequency response of such a
filter is of +the fcrm shown by equation (3.1.1) . The
cbject 1is to design an FIR filter +to have fewer
coefficients than equivalent conventicnal FIR filters,

while meeting the same performance objectives,

YAnT)
)
heo)
Figure 3.1
H(w) =ih(nT).BXP(JHnT) (3.1.1)

n=0

Instead of processing all the input data over a given

record length or a subset of uniformly spaced data
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elements, ve choose the best M data elements for achieving
the desired performance, The fewer the coefficients, the
fewer multiplications will be performed, since each

coefficient correspcnds to a multiplication directly. The
conplex subset selection method is used to achieve the goal
of selecting the best subset of data elements, from a given

interval of input data, to be processed by an FIR filter.

3.2~ Formulatiorn Of Design ,

The desired FIR filter 1is a lowpass filter (LPF)
having a passband, a stopband, and a 'don't care' (3)
reqion as depicted in figure 3.2. The desired frequency
transfer function, D(w), is real valued and symmetric about
frequency zero. Assuming that sampled data is to be
processed with a wmemory nc greater than 2¢T seconds, or
(2g+1) samples, we can approximate D(w) using all the
available data by a PIR filter with transfe. function A (w)

given in formula (3.2.1).

Ltw)
.
]
o
o
RN N
-5 St-Pp P S Y
FPigure 3.2
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A(w) = :ii a(nT) EXP(JvnT) (3.2.1)

n=-q
There is no loss of generality by choosing zero phase for
D(vw), because one can easily synthesize a linear phase
filter by shifting <the impulse response of this filter
properly. Thus, the ideal filter iz defined by equation

(3.2.2).

1 . lvlsp
D(w) = |0 . s1¢ |w| € s2 (3.2.2)

don't care, otherwise

Let the observation time be kept fixed. That is, g and T of

(3.2.1) satisfy the formula
29T = constant., (3+2.3)

Using complex subset selection, D(w) can be apprbximated by
a2 subset having fewer coefficierts in the same observation

time (M < 29+1) shown by equation (3.2.4),

H (w) =§E‘;h(n) EXP (JwT ) (3.2.4)
n=1 n

vhere the T ‘s may or may not be uniformly spaced. Using

N

the method of comflex subset selection, the large set of

basis functions of +the form FXP(JwnT) are the potential

b e e edee R Sl e
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basis functions of (3.2.1) in which

nth basis function = EXP (JwnT) {3.2.5)

n = ‘q,...,'1.0,1,...,q
N =29 + 1. (3.2.6)

A Dbest subset having M coefficients is selected from these
N basis functions such that the least squares error between

D(v) and H(w) is minimized, i.€..,

Min. Error = J W(w) |D(w) - §E1h(n) EXP(JwT ) zdv
{h(n),Tn} n- " (3.2.7)
where ~
1 , wi < pand s1g v g s2
W(w) = (3. 2.8)
0 ¢ P < 'u' < s1

and the Th 's are selected out of the set

(4T ,e 00 ,‘T,O’T'o ve s9qT) .

From the orthogonality principle (14) for optimum choice .f

the h(n)*'s, for given valucs cf the Tn's, it fcllows tiat

M
Jw(u) (D(¥) -2 h(n) EXP(JIWT )) . EXP(-JWT ) d&w = O.
n=1 n k

for k = 1,2,-..," (3.2;9)
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be rewritten as a set of M linear equatiomns of

]
o]

- b
a a .....a
11 12 14

a .o
21

a seeeseseeld

L HH

= [h(1).h(2),-o----':h(ﬂ)]

= [b ,b ,cccoooc,b ‘J
1 2 M

(3.2.10)

(3.2. 1)

(3¢42,12)

(3. 2. 13)

(2/(T =T )) ( Sin(s2(T =T ))=-Sin(s1(T ~-T ))
i i ij i3
+ Sin(p(T -T )) ) if]
i3
= (3.2, 14)
2(s2-s1+p) i=5
i :
(2/(T ))«Sin(pT ) T #0
1 b b
= (3. 2. 15)
2p T =0
- i

> ».:’"m:ffg\_{!o,ng*-n«; ARG A e e
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H=1'B (3. 2. 16)

For the detailed derivation of ¢the egquations (3.2.9)
through (3.2.17), see appendix A,

Since A and B are both real valued matrices, the
solution t0 the equation (3.2.f6) results in real
coefficients for the filter (i.e. h(n)'s are all real),
Solving for H and substictiating in the error function of
(3.2.7) is equivalent to simpiifying (3.2.7) using (3.2.9) .

The result is ,

M
Min. Error = 2p - ZEZ_h(n) Sin(pT ) /T {(3.2.17)
n=1 n n
{h(n)}

in which {h(n)} satisfies (3.2.9), or equivalently
(3.2.16)

The results cbtained here will be compared with a
filter having dniformly spaced values of T with frequency
response given by (3.3.1), and we claim that the complex
subset selection will always result in a Dbetter
approximation to a desired ideal filter, or at least an
approximation as good as the one obtained by the
uniformly-spaced methods The uniformly-spaced method is a
search for only a constrained set of possible solutions,
and many other ©possibilities are simply ignored. On the

other hand, wbenever ccmplex suhset selecton is used, all

possible approximations are considered ., If it happens that

e R e e e
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the best solution is uniformly spaced, it will be included

as one of the possible soclutions fo be examined,

3.3~ Filter With Uniformly-spaced Tiue
Samples

The filter obtained by the comrlex subset selection
will be compared with ancther filter which |uses
uniformly-spaced time samples. For this filter, the
observation time (29T) is fixed and the number qf the
coerficients (M) are the same as before . But, the basis
function ©parameters must be spaced uniformly from an

ipitial location 'ct* ac illustrated in figure 3.3.

A E

c

[

VGO 'DUIPRPNELY PP
¢

- LI T

Figure 3.3

The frequency response of +this filter is of the fornm shown
by equation (3.3.1), assuming that M is an odd integer of

the form M=21+1

H (w) =j§: h (n) EX2{J(nd+c)w)
u n=-1 u

G ‘f}:':\v?‘_ﬂ'!{.gv’ oy

o AT ]
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-

if, for fixed values of A and c, ve minimize the error

given by

Error =j W (v)

by choice of the coefficients h(n) , We obtain, using the

2
D(w) - Hu(u) dw (3¢3.2)

orthogonality principle (14), the set of simultaneous

linear equations
A'H = B! (3.3.3)

in which A' and B' can be evaluated from (3.2.9) by letting
m“=nA+c . The coefficients {hu(n)} are also real since At
ard B! are real-velued matrices.

In the search for the best ¢, it was found
nuperically +that the best ¢ is zero for the best A for the
cases tried (fc:r examples are illustrated ip table 3.1
vhere the C was searched in the interval 0.0 to 3.0 with
increment .3, and best A was searched in the interval 0. to

2.5 with increment .1)., Therefore, we tried to prove this

L

aralytically. However, after investigating many different
methods, we could orly show that C=0 is a good candidate
for best C, and could not prove its uniqueness. One method
is to differentiate the error fumnction with respect to c,

and set it to zero, The error function is >f the form

TR L S

PREE A2
hat!

R T A T Lo A
R LT 7 T DR
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2p - ZZéL h (n).Sin((na+c)P)/(na+c)
==1 u

to
L}

-1
20 - BT B (3.3.4)

in which A' and B' are matrices from equation (3.3.3). The
B* matrix is dependent on ¢, whereas the A' matrix is
independent of c. Differentiating (3.3.4) with respect to c

and setting it to zero, we have

T -1 T -1
dE/dc = - (dB' sdc)A* B' - B' A' (dB'/dc)
T -1
= - 2B* A* (dB'ydc) = 0 (3.3.5)
b = 28in((nA+c)P)/(nh+c)
n

db /dc = 2( PCos ((n&+c)P)/(ni+c)
n

= Sin((nd+c)P)/ ((nd+c) **x2) ) (3.3.6)

dE/dc = - Bi t Sin ((n8+c)P)/ (nd+c) :

=-1 p=-1

[pcos ((mdec) )/ (ma+c) - sin((ma+c) P)/((mA+c)**2)]

«a'(n,m (3.3.7)

-~
wvhere a'(r.,n are elements of A* « Since A' is a toeplitz

B A A el
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matrix(see equations (3.2.11) and (3.2.14) ), it follows

that

a'(n,-m) = a'(~-n,m) (3.3.8)

and
1
dEsdc =) _ Sin (n4P) /na. ( PCos (~mAP)/ (- ma)
n=1 m=-1
-Sin (-mAP)/ {(~mb>) **2) ).a'(n,-m)
+ Sin(-nAE)/npA.{ P.Cos(miP) /nA

- Sin(m4P)/ ((ma)*%*2) ).a'{-n,mn) = 0, (3.3.9)

Thus ¢c=0 is a solution of (3.3.5), because all the terms in
(3.3+7) <cancel one ancther for ¢c=0, Since we have not been
ablz to show analytically the uniqueness of ¢, we search
for the best ¢ as we dc¢ for the best A.

In the next section, some examples are presented in

order to explain the differences of the two filters,

3.4~ Results And Examples

Presented here are the results of the comparison of
the two filters discussed in sections 3.2 and 3.3. Many
examples have been investigated, and only <two will be
presented here to show the differences in the two filters,

In both examples, 21 basis functions are used with

arquments WRT, (B=~Q,ee0¢0,0e¢,9 , and T=,5), and the
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subset size is 5 (M=5). The results are tabulated in tables
3.2 and 3.3 for which the following cobservations are nade,
0f course, these observations are drawn from the

investigation of a large set of examples,

a) The 1least <squares error is smaller for the subset
selection filter than the uniformly spaced parameter

filter.

b) The magnitude response 1is flatter in the passband

region in the subset selection filter case.

¢) The magnitude response 71olls off sharply in the

transition-band for the subset selection filter.

d) However, the pwmaximum sidelobe level is smaller for

the uniform parameter filter.

The above observations can be seen from tables 3.2 and 3,3
arnd also from magnitude response plots of figure 3.4 angd
3.5. The frequency recsponse is symmetric about frequency
1/27, where T 4is the sampling period. Since the smallest
sampling period for 21 basis functions 1is T=.5, all
requency responses are plotted over frequencies 0 through
1 hertz (1/2(.5) = 1) .

It was also noticed that the nonzcro coefficient

locations are moved toward (or away from) the midpoint by

g
L]
#
3
EY
‘e

,
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increasing (or decreasing) the passband width. That is, the
coefficient 1locations are around the midpoint for a wide
pessband, and farther away for a narrow passband. The plot
in figure 3.6 shows this effect where the abscissa is the
second term in equation (3.3.2) ( j{;

Nz.p
and the ordinate is A « Each curve is for a different

hu(n)-sin(nA)p/nA),

passband value while each peak represents the best 4 for

that specific passband value.
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TABLE 3.1a
=5
P=o15 S1=,2 $2=45
ERRCR FOR ERROR FOR ERROR FOR
o A=0,5 A=1.0 A=1,5
. « 144201 +092526 « 162134

« 147396 « 093267 « 161562
« 156949 « 095505 «159873
« 172754 » 099286 « 157136
« 194671 « 104690 « 153471
222486 .111818 « 143040
«255916 «120801 « 144044

0.0
0.1
0,2
0.3
0.4
0.5
0.6
0.7 2946064 .131788 .138728 .
0.8 .338348 L144936  ,133360 :
0.9 «3€€559 .160419 . 128241
1.0 «438853 178403 1230694
1.1 ~494751 . 199062 . 120051
1.2 «SE3746 0222504 . 117660
1.3 e 611326 . 248993 . 116866
1.4 «678959 «278519 .118011
1.5 L7UB112 .311209 . 121422
1.6 «810252 «367113 . 127416
1.7 «876849 .386238 . 136278
1.8 « 943399 . 428554 .1u8267
1.9 1, 00941 . 473985 « 163603
2.0 1. 07064y .522403 . 182472
Best C 0.0 0.0 1.3

EEROR 144201 . 092526 « 116866

BT % T Bralts. T LRI Seomts bl W = -

S i




TABLE 3,1b

M=5
P=.1 S1=,2 52=,5

ERROR POR ERROR FOR ERROR FOR

o A=0,5 A=1,0 A=z=1,5

0.0 « 103650 .032061 . 036306

041 « 1004927 .032794 036345

0.2 .108742 . 034986 . 036466

0.3 115084 .038536 . 036681

0.4 « 123900 .0U3731 .037008 !

0.5 «135168 .050260 .037473

0.6 148798 . 058206 . 038109

0.7 164734 . 067545 . 038957

0.8 . 162873 . 078256 .04 00€1

0.9 «203121 . 090311 041470

1.0 «225369 . 103673 . 043241

1.1 .2U0488 .118313 .0us5435

1.2 « 215352 . 134188 .0u8111

1.3 +302826 . 151259 .051339

1. 4 e 331759 . 168477 « 055175

1.5 .3€199¢% . 188798 « 059697

1.6 «393391 .205166 . 064967

i.7 425772 «230528 . 071049

1.8 .458985 . 252826 . 078011

1.9 SUC2862 .276001 . 085911

2.0 «527239 . 299969 . 064807

Best C 0.0 C.0 0.0
Error 103650 .032061 .036306
1 §
L §
:
1 §
j
e | |

S
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Best C

Error

TABLE 3. 1c

M=5

P=,

EERCR FOR
A=0.5

«093154
«096298
« 105711
« 121291
« 146899
«170340
« 203352
« 241646
«284865
«332622
«3EUUIZ6
«440033
. 498750
«560160
«623744
«688995
«7£55392
«822430
« 889607
«956452
1. 02250

0.0

.093154

15 S1=.225 §2=45

ERROR FPOR
A =1,0

«068523
. 068842
» 069827
« 071544
« 074114
«077695
. 082489
. 088724
+ 096650
« 106542
« 118675
«$33334
. 150784
« 171278
« 195045
0222276
253120
« 287677
«326001
+368084
« 413856

0.0

. 068523

ERROR FOR

A=1,5

« 154084
« 153555
« 152005
« 149489
«156113
142028
« 137417
132498
« 127518
» 122751
118493
« 3115049
« 112741
« 111889
« 112813
« 115825
« 129281

. 129281,

« 140256

. 154 369

« 171806
1.3

111889
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Best C

Error

TABLE 3, 1d

=5

P=.1 S1=.225 52=,5

ERROR FOR ERROR FOR ERROR FOR

A=0,5

062489
«063793
«067678
« 074139
.083124
« 094604
108495
«124734
« 143224
«2€3868
« 1865563
«211153
«237535
« 265566
« 395094
+325968
«358029
«391109
« 425056
«459692
«494855

0.0

« 062089

4L&=1,0

« 018249
« 018802
« 020460
«023223
. 027090
032058
«038125
« 045289
» 053546
« 062889
« 073311
« 084809
« 0397367
«110980
0 125629
« 141302
» 157980
«175643
« 184265
« 213823
« 234284

0.0

« 018249

A=1,5

« 036055
« 036085
« 036176
« 036341
« 036599
» 036975
+ 037506
«038225
.039182
« 040426
« 042016
044006
« 046464
« 049453
.053040
« 057292
« 062277
« 068061
074711
« 082287
«090€47

Oeo

« 036055

27
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TABLE 3.2
N=21 M=5
fP=o15 fSl —.2 fszﬁ'os
Filter Uniform Subset
with N parameter selection
' coefficients filter filter
= —
coefficient nT na Tn
locations n=-10,...,10 O'i100"£2.0 0,11.5.,1‘4.5
Max. passband «677 1.3 «73
level (db)
nagnitude (db) -2.6 -4,5 ~-3.5
at fp
magnitude (db) -12.9 ~-10. 1 -17.1
at f(‘
)
Max. sidelobe -25.2 -24,.3 ~21.0
level (db)
least squares «2098836E-01 «92527E~01 « T460785E~01
error E '

Rk Rt
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Frgure 3.4a~ Frequency response of filter 7 fﬁ

having 21 coefficients with fp=.15. fsl:.E.

and f32=.5 . : ;
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Figure 3.4b- Frequency response of uniform
parameter filter having 5 coefficients with
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10,00 0,00 !
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-29.00

o
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-..00
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Figure 3.4c- Frequency response of subset
selection filter having 5 coefficients with

fpz.ls, fsl'::.Z. and fsz:.B .
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TABLE 3.3
N=21 N=5
f =.,20 £, =e3 f,., =5
P Sl S
Filter Uniform Subset
with N parameter selection
coefficients filter filter i
coefficient ' nT nd Tn
location n=-10,40.,10 0,+0.5,%%.0 0,x1.0,\ 2.2
Max, passband «30 1.2 U7
level (db)
magnitude (db) -.93 -3.8 -1.7
t
a fP
magnitude (db) -21.8 -12. 4 -15.1
at f(‘
-
Max, sidelobe ~32.,7 -27.0 -25.1
level (db)
least squares e 20130057-02 .792702-01 , L1487637%-01
€1Tror ‘




. . ) K
AR aiia i s o s ol e e o RS ahpt e RS A an - ¢ iah o et e

33

3
3
]
1
:

:
8 :
o !
a P
S
b
WS !
H
-

4RESP

i ol N

'e. 00 0.20 0. 40 0.60 0.60 1,00 P

FREQUENCY -HZ ;o

Figure 3.5a- Frequency response of filter E }
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Figure 3.5b- Frequency response of uniform
parameter filter having 5 coefficientis with

fp 2, £y .3, and T, .5 .
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Figure 3.5¢- Frequency response of subset
selection filter having 5 coefficients with
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1,80

2, 3

. 4 X M
.00 .80 1.00 1,80 200 290

Delta

2,0

R T =1’ .
Figure 3.6~ B A~ B (variable part of the
error function) for different values of
‘delta and passband width.
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CHAPTER 4
ESTIMATION OF THE FREQUENCIES

OF SINUSOIDS

4, 1- Introduction
This chapter is devoted to the problem of

estimation of the frequencies of sinusoidal tones by the
complex subset selection method. In this case, the function
to be approximated contains some tonres with specific
amplitudes and frequencies 4in the presence cr absence of
roise. We consider +the case of two sinusoidal tones, but
the method can be extended to more tones at the cost of

more computation.

The framework of this problem will be developed in
section 4.2; while +the frequency estimetion will be
presented in section 4.3 . The presence of Gaussian noise

in the data will be investigated in section 4,4, and

finally section 4.5 will contain some numerical results.

BRI G S

[

4,2- Two Tone Approximatiorn
The sigral tc¢ be approximated contains two

sinusiodal +tones with each tone having amplitude and

s Wi iz s =

frequency (A1,F1) and (A2,F2), respectively. A1 and A2 can




be either real cr ccmrlex.

S(t) = A1 EXP(J2Tf t) + A2 EXP(J2Wf ¢t) (b 241)
1 2

2 data vector y is formed from N samples of above function

(4e2.2)

T
Y = [Y(o)lY(1)lotcoo.,Y(N"‘1'] (M.Z.Z)

y(n) = S(n7)

The conmplex exponential basis functions used here are

i
ioel'

h (t),hz(t),.....,hL(t) with arguments of the form 2Qf_< ,

h (t) = EXP(J2[Tf t) £Or I=1,2,0000,L  (4e2.3)
I I
A vector is formed for each basis function with N samples

taken from each of thenm .

T

H = [h (0) b (1) seveesh (N—n] FOr I=1,2,e00,L
I I I

1
with (Uo2.4)

h (n) = EXP(J2TH n)
I I

and

0 Cf < f <ieesee <Ef <1
1 2 L

P
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Due to the periodicity of exponentials with an imaginary

arqguments, fL should be less than one, That is

EXP(JZﬂan) = BXP(JZINfL-1)n)

Having H_ 's for basis functions, we want to

1

approximate +the data vector Y by the complex subset

)
i.\
¢
!
i
5
§

selection method with mipimum least squares error. In
another words, we wvant to choose M functions from the L
basis functions to best represent the data vector, Y in
gider to niunimize +the sum c¢cf the squares of the errors.,

Assume Y is the data approximation vector of the form

M

Y=Zcu = UC (‘-l.2.5)
k=1 k k

where U is a vector formed from M-column vectors UK'S and C

is a M-dimensional ccemplex coefficient vector,

- (o = [C 1C seeeeeesC ] (u0206) ,
g 1 2 M ' -
U= {U 2U Yeecesecl (4.2.7)
[ 1 2¢ ¢ H] ,l\
s -

T

U = [u (0) o (1),..-...“ (N"“)] (L‘.z.a) é

k k k k g

i

u (n) = EXP(Jw n) (4.2,9) i

]
;
:
i

k k




v = [' oW gececeee VW
1 2 M-

Note UK's are chosen from H_'s , and w 's are selected fronm

b K

2 NfI's. The error function is

Bin. Error = E = IIY - ?” (4o 2.10)

{C,u}

where .| means the L2 nocrm of the vector.

Al
To minimize the erroer one has to find the ortinun
coefficient vector and frequency vector to be used in
e 7
specifying Y.
For the optimum =ccefficient vector , the
ort oqonality principle :ndicate; +that 1Y-Y must be

X
ortahogonal to every Ul with 1=T,e000e,¥ « (¥ mear s conjugate

transpose).

*
U(Y -9 =0 £OT 11,2, 00000, (4e2.11)
1
‘/\ *
0Y=1UY¥ for 1=1,2,ec00s0,M4 (4.2.12)
1 1
* *
UOC=107Y £0T 11,2, 00000 ,8 (4. 2.13)
1 1
» *

Let A=00, and B =0 Y,THEN

AC = B (4.2 14)
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where
= -t
* * * |
U U U U .Q....U U
11 12 1M
A= "X
* *
U U Q..‘.........U U
LI MM
with

* -1
UG =‘t EXP(J(W -w ) 1) .
1 k n=0 k 1

T * * *
B = [u o0 Yoeeeeons,U Y | (4.2.15)
12 u
* g1
b =U Y =) y(r) EXP(-Jw n) (4o 2. 16)
1 1 n=0 1

The solution of the linear equation (4.2.14) will give the

optimum coefficiert vector C. Thus, the error function

becomes
2 2 *
Eo=lr - = - -9
* * A
= Y (Y -9Y) =Y (Y - Y)
* A *x % ~
=Y (Y -~ Y)Yy ~CDO (Y -Y) (4e2,17)

The right side of the above equation can be simplified by

PR

v
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42 “
using equation (4.2.11).
2 * 2 *
E =Y (x =) = fY[ - ¥
2 * 2 *
= |y -vuc=ft] -rc R
1 2 ‘1
= Y‘ - B A B (“. 24 18)

2 M
-SN ¢ y(n) EXP(=Jdwv n) )
K31k k

* N°1 ) '

E = [t -BC=3 (y(n),
n=0

(422.19)

Let us choose the frequencies f_'s of the basis

functions to be uniformly spaced. Hernce , the functions

vill be of the form

h (n) = EXP(J2T£In) (4. 24 20) | i
1 |

such that Af=1/L is the difference between two éonsecutive _ 3

grid points. The goodness of the approximation 1s dependant
or L and N, namely. the number of the basis functions and
the number of the samples., Since Af=1/L , any increase in L
vill resulf in having denser grid points which in turn will
lnérease the possibility that f1 and £2 to be on the grid i
foints, PF1 and £2 being on the grid points means that two
©t +the basis functions can exactly apprcximate the daza

vi~tor. On the other hand , large N means baving more data

points to process whichi will also result in better
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approximation, But L cannot get +too large, bgcause the
amount of the computation will get impractical for large L.
Thus , the windowing technique described below will be

applied wvhenever very dense grid points are needed.

4.3~ Prequency Estimation

In some apylicaticns one has to estimate +the
frequencies of the tones as accurately as possible, In
those cases, we set the number of the Lasis functions M in
the selected subset to be equal the numbher ot the
frequencies cortained in the signal. For example, when we
are estimating two sinusiodal tones we set M=2, But a very
dense set of grid pcints is needed in order for the
estimation to be accurate, andé having a very dense grid
points 1is impractical computationally since the amount of
the computaticn will increase significantly as the number
of the grid points becomes large. To get around this
deficiency, we introduce the windowing technique below.

The windowing technique 1is applied whenever the
grid points (number of basis functions) are large, and the
search for a best subset needs +too much coamputer
processing. In those case¢s, a best subset is selected from
a less dense gqrid as a first step. In second step, a densar
arid 1is chosen around the selected subsetr grid points of

step one, As step three, &8 new best subset is selected fronm

the naw grid points of step two. Then, step two and three

e TR s AR ol o )

£ e
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repeated until no changes are noticed in the selected
subset and the error function. One should notice tha: in
the first attempt, votential basis functions are selected
where in the second attempt a new set of basis functions
are established which are densely populated around those
selected potential basis functions, and the best subset is
selected. Graphically, the windows in Figure 4.1 indicate

where the new densely populated grid points are to be set.

-4 . £

Figure 4,1

To clarify +tte windowing technique, let us take a

lock &t the two-tcne sigual, with frequencies £1=,25 and

£2=.725. Choose only ten grid points uniformly spaced irom
z€ro to one, for the first step. Thus, the basis functions

are

b (n) = EXP(J2T71£fIn) I=0,1,¢004,9
I

with L=10 ,and grid poirnts

(o‘ 00' 1'0- 2,10!0-,0.9)

2 are selected as potential furnctions. Assume

ST
R,
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pth=.3 and gth=.7 are selected. In the next step, we use

the following ten new basis functions around the pth, and .
qth
r
: h (n) = EXP(JZTT(p*—AiE(]‘.-Z))n) 1=0,1,2,3,4 ]
' I
;
: h (n) = Exp(azv(q+%£(1-7))n) 1=5,6,7,8, 9
I

with L=10, and grid gcints
(62¢025403,¢35,el,¢6,465,¢7,.75,.8)

1 Note the new grid fpcints are one-half of the previous step,
The complex subset selection algorithm is again used to
select two potential functicns from these new basis

E functions. In this case, secornd and nineth gp=.25,q=.75)

are selected., Again, <choose ancther ten basis furnctions

with grid points arcund .25,and .75

Af

h (n) = EXP(JzT(p+Ei(1-2))n) T:0,1,.04 ;
I 4
AL .

h (n} = EXP(J?U(Q+2:11~7))R) 1:5,6,..9 b
I ';

with L=10, and new grid points

(020¢225,025,4275,03,0675,07,¢725,075,.775) »

é
|
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Continue as before until the selected frequencies and the

error 4o not change very much for a denser grid points. In
this case ,25 and .725 are the selected frequencies , The
above example is listed in Table 4,4,

If at any time, *¢wo windows overlap, that is, two
selected frequencies are close to one another, use one wide

window instead of two as depicted below.

Figure 4.2

The program 1listings for the two frequency estimaticn by

subset selection and windowing technique are in appendix B.

4,4~ The Effect 0f Additive Noise

The approximation of a +two-tone signal was
investigated in secticn 4.2. But, it was for deterministic
signals, and in almcst all practical applications the
received signal is purturbed by some kind of noise, In
here, ve investigate the additive Gaussian noise which is

the gyeneral case for most systems,

L
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Recall the data vector Y (4,2.,2) which was obtained

from =2 déterministic signal, only. Now ve form a new data
vector from signal vector S with noise vector V added to

it.

Y =S +V (Uoele1)

T
v = EV(O)'V(1),.ooooc.,V(V"1)] (uaao2)

Note that each vectcr in (4.4.1) is N-dimensicnal. Assums V
corsists of complex, independent, zero-mean Gaussian‘noise
components with known variance,

By a close 1look at linear equation (4.2,1), one
will realize +that the ncise will affect the B vector ,
only. That is, each zow of B is changed by a amount due to
the inner product of the noise vector and the correspording
U vector (where subscript corresponds to Ithe row.)

* * *

B=0Y=0s+ UV (4.4,3)
Therefore, the same procedure as before is used to find the
coefficient vector , selected Lbasis fuction parameters,and
the error function with new data vector.

The effects of Gaussian noise in tone parameter
estimation has been well investigated by David C, Rife (8).
He has used a wultiparameter generalization of the

Cramer-Rac bound (C-R tound) to establish lcwer bounds for

variances, He has also chown that the single-tone bounds

Ce e

e e e g

PPN

rm.

O T

e g




us

are the minimum values attained by two-tone bounds, and
they are attained wvher the tvo tones have wide frequency
separation., Thus, one can use ¢the single-tone bounds
(4.4.,4) for two-tone bounds whenever two frequencies are %
far apart. 5
2 22 2

A
var(v } 2 (126 )/(b T N(X -1)) (4.4.4)
i i

SN o e i e e ANy

where

1
< - -
o5 4

L N Y

- 9 frequency estimate in radiarns
i i
2 ]
[ noise variance H
t
. tone amplitude ?
i !
T time between two samrples E
N number of samples i
¢
i
In the next section, +his C-K bound is compared i
with the measured accuracy in frequency estimation which is ?
obtained by applying the complex subset selecticn algorithm i 9

to simulated data.

4.5 Results and Examples

Presented here are rnumeraical results for ¢tone

estimation by the <complex subset selection method. The

examples are chosen frcm three groups to show the power of
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the complex subset selection method, the windowing
technique for frquency estimation, and the effect of the
noise.

In the first example, the signal contains two tones
with amplitudes and frequencies (A1=1.,R2=1.}),
(FP1=.2,F2=,4), respectively. Twenty basis functions were
used where the frequency separation of the basis functions
was +05 ( £=.05 , grid point separation ). Subsets of size
5 (M=5) were searched, and the best one was selected after
only examining 136 subsets. This is a small fraction qf all
possible subsets (20!/(15!5!) = 15504)., However, the two
frequencies were exactly on the grid pcints, This example
is illustrated in table 4.1 along with the re-ordered E:
errors. Y¥Yor +the second example, the amplitudes and
frequencies were (A1=1,,A2=1.) and (F1=,2 , F2=,585).
Fifteen basis func*tions with frequency separation .05 were
useds In this case, c¢ne cf the frequencies was off the grid
points, and subset size 8 were wused. Frequency F1 was
selected exactly along with frequencies around F2. Note
that frequency .6 was selected with a large magnitude which
is the <c¢losest frequency from the set to ¥2. The subsets
exapwined were 1716 which are less than 2° per cent cf the
totai possible subsets (15!/(8!71!) = 643S). This example is
illustrated in table 4.2 .

The <third example was picked to show the

improvement obtained by windowing <tichnigue, Thus, the

amplitudes and frequencies vere chosen to be the same as

P N R
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example 2, 1In this case, tbe selected frequencies were ,2
and .568437 after examining only 271 subsets, It was
observed that the windowing techrnique offers better
accuracy while the number of subsets examined are kept
smalls, This example is illustrated in table 4,3 along with
three more examples in table 4,4 to show the efficiency of
this techique. Note that the results are very accurate,
even for two tones with s=mall frequency separation.

The next exarple is an illustration of frequency

estimation in the presence of Gaussian noise. Five

different signal-to-noise vratios (SNR) were used, and in

each case the frequency estimates were averaged over 100
runs to evaluate the rean and the standard deviations., The
results wvere tabulated in table 4.5 alonqg with thair
ccresponding C-R bounds. For high SHR'S, the standard
deviations of the estimates were consistant with th= C-R
bounds, but they differ for low SNR's due to the occurrence
of the outliers. Cutliers are extreme observations, and

they create great difficulty. When we encounter one, our

first suspicion 4is that the observation resulted from a
rnistake or other extraneous effect, and hence should be ! ;3
discarded. A major reason for discarding it is that‘under
the least squares method, a fit curve is pulled : %

disproportionatly toward an outlying observation because of ‘

the squared diviations 1is winimized. This could cause a
misleading fit if indeed the cutlier obss«vation resulted

fi>m a mistake or other extraneous cause. On the other
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hand, outliers may conv<ey significant information, as when
an outlier occurs because of an interactior with another
independent variable omitted from the model.

Two frequency estimation has recently been
investigated by Kumaresan (15) in a different fashion. iIn
Eis study, KumaresarnL searches over the entire error surface
to locate the nminimum error, and therefore, the
ccrresponding two frequencies. The same exanple has been
run by his method and the results are listed in table 4.6
for comparison. Both methods give relatively identical
results, and consistant with C-R bounds.

A small example with 10 runs is listed in table 4,7
to show how the output frequencies differ from the true
values for each run. Two more examples are illustrated in
tables 4,8 and 4,S to show the estimation behavior of the
two frequencies when the frequency separation is very
smell. The results in table 4,8 are corsistant with the C-R
bounds whereas the results in table U.,9 for stronger tone
are lover than the C-R bounds due to the use of information
about the tones magnitudes. That is, we have suplied uore
information than assumed in the C-R bounds for the
estimation of the freguencies, ;

The ¢C-R bounds are for wunbiased eztimation. We ;

4

assume <that our method, too, gives unbiased estimation

i g T

since our results are consistant with C-R bounds, and try

to show that this assumgpticn is correct by analyzing the i

results.

e
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We assume, as a working hypothesis, that <the
frequency error bas a normal distribution with zero mean
and standard deviation SDT, Then if our fregquency error
mean falls in the interval -SDT to SDT, we could say that
the data 1is consistant with our zero-mean hypothesis to
that accuracy., Since ve have 100 independent rums, the
probability density function of the frequency error is a
chi-square distributicr with 100 degrees of freedom which
can be approximated accurately by a normal distibution (16)
having <the same mean and variance. Let us assume that our
experimental standard deviation (SD) is in error by +20%
frem the true SDT {(i.ee SDT = (1+.2)SD), And let us choose
the worst case, namely SDT = (1-.2)SD . If the frequency
error mean is in the interval -SDY to SDT , we will say
that with high probability ir is an unbiased estimation. By
checking table 4.5, vwe observe that even for low SNR , the
frequency error mean falls in that interval. Por iustancse,
when SNR = 5db;

A
F1 - F1 = 4906E-3

"

SD1 « TT2E-2

SDT = (1-.2)SD1 = .6176E-2

SDT/(F1 - T1) = 6.82

-SDT < F1 - F1 < SDT

and therefore, our assumption is probhaltly correct.
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TABLY 4.1
NO. OF SAMMLES = 8
A1=0,10000 01 A2=0,100011 01
F1=0,2000D 00 F2=0.4000D 00
N=20
E( 3)=0,170359101-13 NO . 1 SMALLEST ERROR
E( 4)=0,289902601-12 NO» 2 SMALLEST ERROR
E¢ 2)=0.,572404640-12 NO J SHMALLEST ERROR
E¢ S)=0.84193781-12 NO . 4 SMALLLEST ERROR
E( 6)=0,2004521n-11 NG S OMALLEST ERFQR
E¢ 1)=0.,32710990~11 NO . & SMALLEST El Hx
E(C 7)=0,89958820~-11 NO 7 SMALLEST ERGOR
E( 8)=0.29%528680~10 N . 8 SMALLLEST ERROR
E( 9)=0,97180230~10 NO . Q@ SMALLEST FRROR
E(20)=0,16025800~09 NOY 10 SMALILEST ERROR !
E(10)=0.,14609256811-09 NQ, 11 SMALLEST ERIOIK
E(11)=0,16855430-09 NO 12 SMALLEST ERIROK
EC12)=0.1646270811-09 NQ. 13 SHMALLEDST DRIOR 5
. E£(13)=0.16564244101-09 NO+ 14 SHALLEST ERIROE .
E(14)=0.166462410-09 N 1% SMALLL [ NER ALt
E(15)=0.31664727101-09 NO. 16 SHALLES XN AN
E(16)=0,166474311--09 NO« 17 SMALLEST IRROF
£(18)=0.,16647481L0% NO. 18 SHMALLEST FRRORK
EC(19)=0,166481501-0% NO« 19 SMALLEST b
EC17)=0,166486901-0% NO. 20 SMALLEST ERRROI
N=20 M= O
NO. OF SUERSETS EXAMINED = 134
ne 1)=0,20000 0Q CCe 1)y=00.10000 1 v O.7&86A40-1% )
OD¢ 2)=0.,40000 00 G 2Y=00, 100000 O » O teéT-14 )
0N¢ 3)=0,80000 00 CC 3yl -, 78460114 v 7944114
¢ 4)-:0,85000 00 CC A= l1é66h-13 «» 1017113 )
D¢ 5)=0,20000 00 GO S5)y=(Q0.28%40—-14 v O,104%0-12%
ERROR= 0.90730~-18
P
! .
: \
} K
i
1
; !
}
’
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4 TABLE 4.2 {
NO. OF SAMFLES = 10 o
o Al =0..!:95000D 01 §
g A2 =0,.: 000D 01 :
; Fi1 =0.2.200D0 00
g F2 =0.5:4500D 00
i E¢ 8)=0,11504850~-05 NO. 1 SMALLEST ERROR
N EC10)=0.11924791-05 NO. 2 SMALLEST ERROR
; EC 6)=0.,1154274+-05 NO. 3 SMALLEST ERROR
g EC 7)=0.,1170815I1-05 NO. 4 SMALLEST ERROR
P E( 9Y=0,11796240-05 NO. 5 SHMALLEST ERROR
§ E(13)=0,12383540-05 NO. 6 SMALLEST ERROR
: EC 1)=0.12764290-05 NO. 7 SMALLEST ERROR
: E(19)=0,1293429D-05 NO., 8 SMALLEST ERROR ,
E(14)=0,12984900~03 NO, 9 SHALLEST ERROR
E( 2)=0.13273340--05 NO. 10 SMALLEST ERROR
E( $)=0.,135394651-05 NO. 11 SMALLEST ERROR
EC 3)=0.,1435813D0-05 NO. 12 SMALLEST ERROR
= - EC11)=0,15689250-05 NO. 13 SMALLEST ERFOR
Z EC12)=0.18613920-05 NO. 14 SMALLEST ERKOK
: EC 4)=0.19928180-05 NO. 15 SMALLEST FRRORK
ERROR= 0,1830311-03
LDC 1)=0,20000 00 C = (0.999970 00 ~.243320-03)
e 2)=0,40000+ 00 C = (~.442931-02 0.7772201-02)
i ¢ 3)=0,4500D 00 C = (-,36676011-01 ~-.2936401-01)
: DC 4)=0,5%0000 00 C = (0.105430 00 —-.985977[1-01)
: D¢ S)=0,5500D 00 C = (0.227930 00 0.346940 00)
‘ nN¢e 6)=0.600000 00 C = (0696760 00 ~.314570 00
n( 7)=0.6500L 00 C = (0.229990-01 0.841350-01)
n¢e 8)=0,7000r 00 C = (120446001 0.132501-02)
NO. OF SURSETS EXAMINED = 1716
{ .
1

ot o T e i i




i i ,

A 12 SIS 4

TARLE 4.3

Al=1,0 A2=1.,0

Fi=,200 F2=,58%5

~ A~
RUN Fi F2 ERRGR

1 10,2000]0.60000}.48822E-1
2 10,2000 0.57500}1.31433E--1
3 10.2000]0.58730|.19749E-2
4 [0.2000[{0.58437({.12570E-3
9 10.2000]0.584374,.12570E~3

TOTAL SURSETS EXAMINED = 271

- “'), R B T T T DT
e TNE QT W
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TABLE 4.4

At=1.0 A2=1,0
No. of samples = 10
Case I Case 11 Case III
F1=.2250 F1=,2500 F1=.1750
F2=.,3125 F2=,7250 F2=.5875
D1 0.2000 0.3000 0.2000
D2 0, 3000 0.7000 0.6000
Error | «.2194E 0 «6768E O +2376E O
WINDOW 1
D1 0. 2500 0.2500 0.1500
D2 G. 3000 00,7500 0.6000
Error | +3485E~1 «1827E 0 «2037E 0
WINDOW 2
D1 0.2250 0.2500 0.,1750
D2 0. 3000 0.7250 0.5750
Error | «2367E-1 «2000E-S « 4829E-1
WINDOW 3
D1 0.2250 0.2500 0.1750
D2 0,3125 0.7250 0.587%
Error |.2000E-5 «2000E-5 « 2000E-5
WINDOW 4
D1 0.2250 0.1750
D2 €. 3125 STOP 0.5875
Error | «2000E-5S « 2000E~5
STOP { STOP

-t se e o

e %
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TABLE 4,5
Aal1=1, A2=1,
F1=,25 F2=o 375
] NRON=100 No. of samples =12
g | A A
u sik Bt e - F 0 so P2 k2 - F2  sp2
L ¥ —— SFSUIEREO S
L 201, 24987} ¢ 125E~-3 | «136F-2{.37497},314E~4 | ,148E-2
10 |,24945] JS47E-3 | JU424E-2|.37478(.219E-3 | .456E-2
$ | 5]e24909] ,906E~3 | ,772E-2|.37466|,375%~3 « 828F~2
gi 0}1.24850; . 1S0E~-2 | ,488FE~1].40651|¢315E~-1 |.128E-0
.
: =5(.321561 . 715E~1 | . 181E-0{.'6109],186E-0 | .,2375-0
SNF signal to noise ratio
D standard deviation
i A reap estimate
Fi-Fi freguency error
TABLE 4.6
A1=1, A2=1,
P1=,25 F2=,375
NRUN=100 NO. of samples =12
A
SNK [F1 - #3 sp1 F2 - 2]  sD2  C-R BOUND
20{ ¢« 161E-3 { . 128E-2| . U460E-u r:1u6E-2 » 133E-2
10 - 250E°3 . 5732—2 0230E'3 .SSQE‘Z . '420E°2
5 0230E‘2 .070'E‘1 02902-2 .0502-1 .7“8E-2
0{e339E-2{ .589E~1{ «338E~-1 | ,124E 0 { .« 133F-1
=51+ 186E~2 | «117E 0! .186E 0 | .227E 0 | .236E~-1
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KN= 12

A1=0,10000 01
F1=0.2500D 00

SIR = 0.0

FREQ1
0.2421870
0.2468730
0,259375D
C.2531250
¢.250000D
0.248437D
0.2053125D
0.2484370
0.,251562D0
0.,250000D

e e g ! et 5 e e e

TABLE 4.

NRUN= 10

00
o0
00
00
00
00
00
00
00
00

A2=0.10000
F2=0.4750D
SNR =0.1
FREQ-ERROR1
0.7812590-02
0.312509D~-02
0.937491D-02
0.3124910-02
0.8940700~07
0.156259D-02
0,3124910-02
0.15625920-02
0.156241D-02
0.8940700~07

MEAN1 = 0.250312D 00
MERROR1=0.,312410D-03
VARIANCE1=0.,184570I-04
0,4294160-02

STOIVL =

7

o1

00
000E 02
FREQZ2
0.478125D
0.487500N
0.4746562D
0.4781250I
0.4703120
0.4763462D
0.4781250
0.47654621
0.464062nN
0.,492187D

MEAN2 = 0,477812D

00
00
00
00
0C
00
00
00
00
00

58

NVAR=0.1000E 00

FREQ-ERROR2
0.3124835L~02
0.124998D-01
0.1562330-02
0.3124831I1-02
0.4687670-02
0.1562330-02
0.3124830-02
0.1562330~02
0.10923770~01
0.,171873D~-01
00

MERROR2=0,28123301~02
VARTANCER=0,3507010-04
STYOIV2 = 0.742146D~02

R
o
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TARLE 4.8

A1=1,0 A2
F1=.5 Fo
NRUN=100 NO

1.0
55

v O0f samrles =12

F1 - Fi

sl

~
F2 - F2

C~R ROUND

+187E~-3
2BLIE~3
+718E~-3
+193E-1

+420E~1

$263E-2

«852E~-2

+152E~-1

3 857["‘1

+167E O

+171E-3

+ 3G9E-3

+453E-3

+594E-1

f321E--1

+A84E~1

i
@
3
%
|
i
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TABLE 4,9a

Al=1, A2=10,
F1=,25 F2=,275
NRUN=100 No. of sarples =12

!
i

SDh2

SNR - F1 Jp1 - F1  sp T2 Jr2 - F2

20,25078{,781E-3 | .643F-2{,27515|, 156E-3 | . 781E-3

10 {.25467 | 467E-2 | ¢ 2264E-1|.27402|.984E~3 | ¢ 264E~2

"5

+ 26035

¢ 103E-1 | JU428E-1|427361|139E-2 | . 342E-2

« 27495

¢249E~1 | «725E-1(427343|.156E~2 | «391E-2

+29096, J409E-1 | «887F-1{.27309,, 190F-2 E.SSSE-Z

TABLE 4.9b

At1=1, A2=10,
FP1=,25 F2=,275
NRUN=100 No, of samples =12

SNR C-EK BD1 C-R BD2

20

.7172'2 .717E'3

10 | «226E-1 | ,226E-2

I PR S
N R T IR PP

S | «403E-1 | ,403E-2

0 |«717E-1 | .717E-2

« 127E+0 | ,127E-1
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CORCIUSION

The complex subset selection algorithm was
described in chapter2. This alqorithm was used in section ;

3.2 to design low-pass PFIR digital filters with a small

B A TR

nunber of coefficients using a weighted least squares error
criterion. Digital lcw-pass filters with uniformly-spaced

time samples were discussed in section 3.3, and it was seen

P

in section 3.4 that, for the same time aperture and number
of coefficients, the comrlex subset selection method
results in a) smaller least squares error, b) flatter
magnitude response in the passband region, <¢) sharper
roll-off in the transition band, and d) higher peak
sidelobe level.

Tone estimation by the complex subset selection
method was explained in secticn 4,2, and was extended to
frequency e¢stimation in section 4.3 . The presence of

Gaussian noise was discussed in section 4.4 . The pumerical

results were compared with the C-® bounds in section 4.5, #3
vhere unbiased estimaticn was assumed, and it was shown ¢
4 that the results were consistant with the C-R bounds.
Finally, it should be mentioned that this method can be

applied to wsulti-frequency estimation with a 1little

wmsrin

modification, and with scme more computation.




APPENDIX A

In this appendix, the details of the derivation of

digital filver synthesis is presented.

P
1 . vw < p
D(w) =10 v s1 < w < s2 {(A. 1)
Don't care » oOthervise ,
L lw] < pand s1 g |v] g s2
W(w) = (Ae2)
0 . othervise
-
M
Hw) = 9 b (n) . EXP (I¥T, ) (3.3)
n=| '

Where Tn's are selected from a set {nT} With N=-qg,eeee¢s¢,q -

2
Min. Rrror = W(W) |D(w) ~ H(u)‘ aw

{h(n),Tn} (Rot4)

Using orthogonality principle (14), it follows:

jw(u).(b(v) - H(¥))<EXP(-JWT ) .dv = 0

for k=1'oo-'H (A.S)

-t v — o g s
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fﬂ (H) «H (", .EXP(*JWTK) .d\i = JV (H) .D(w) « EXP ('J"TK) od“

for k=1,'o.,H (A-S)

AH=B (A.7)
with
“ a'z se e aIM ![
A= 2, (A.8)
a L I N ) a
Mi MM |
r
H = Lh‘ﬂ),oooonoo,h(ﬂ)j (A'g)
B=[b 'onocooo'b} (A'1O)
: and
2l
a,. = JH(w).EXP(Jv(T--T;)).du =j EXP (JWAT: =T:)) .dw
] p v sn 4 -
+ J EXP(Iw (T =T )).dv + J EXP(IW (T. ~T:)).dw
’p Lt | v J
= EXP(-J51(T"~'1:}))-EXP(-JSZ (T( -Td- M )/J(T.L-TJ-) |
' J o =T - EXP(=Jp(T.-T: J(T. -T; ;

r + ( BXP( P(T\_ \JH P( P(Tk v'” Y/ (T\ \.)
+ (EXP(JSZ(TL-TJ)) - EXP (IsT(T, -T\;')) )/J(Ti-’l‘\:') ’
= 2 [:S:Ln(s?.(T-L-TJ)) - Sln(s“(T.\-T\j))
+ sin(p (T -Tj)) /(T -T)) (A 11)

b = JH(H).D(H).EXP(-JVT.).GH= EXP (~JWT.) . dw 3 3
\ L . L ]
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=[EXP(-Jp’IL)) - EXP(IpT.)) B % (-37°)= 25in (pT{) /T{

(A. 12)
Therefore,
H= A4 B (L.13)
A
Min. Error = H(w)in(u) -Zh(n).EXP(JuTn) .dw
h(n),T
= 5 % (W) (D (w) Zh(n).uXP(JVT ))eD(W) dw
n=l it
(. 14)
Min. Error = Jh(u)!D(u) o Qv
{h(n),T} ih(n)JH(w).D (W) « EXP (IWT }) . ¥
n
=
JP
= 1. 4w - h(n) EXP(JwT )).dw
-‘) n-;\ Y‘
= 2p = {h(n). (h. 15)
Nn=y n
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AFFENDIX R

FOUR DREFFERENT FROGRAMS ARE LISTED' RELOW i
WHICH EACH ONE IS FOR AN ESFECIAL FURFOSE. :
FROGRAM ONE AND TWO ARE FOR DIGITAL FILTER k
RESIGN WHILE PROGRAMS 3 ANDI 4 ARE FOR TONE ;
AND FREQUENCY ESTIMATION. 3

FROGRAM~-1

THIS I8 THE FROGRAM LISTING FOR DIGITAL FILTER
DESIGN RY COMPLEX SURSET SELECTION.

NA(ID) A MATRIX

COL(TI) B MATRIX

S0L (1) COEFFICIENT MATRIX
ECD) EI ERROR FUNCTIONS
AECT) RE-ORIER ERRORS

TNCTD) BASIS FUNUTTION FARAMETERS
NQ Q IN EQUATION (3.2.13
M NO. OF COEFFICIENTS

F FASSRANDI ENGE

S1i LEFT STOFEAND EDGE
‘52 RIGHT STOFRBRAND ELGE

T GRIDI' FOINT SEFARATION

aoooocoooonoooooconoooooooonoooonOOnoon

DIMENSION Y(101)

COMPLEX VsERYH(30) »ETyRRSES

REAL E(30)yAECIO) y TN(3OX T C10)

INTEGER IF(30)yINN(30)

INTEGER IF1(30)»IF2(30)

COMPLEX A(30s30)sA1C30y30)y1NCOL (30 COL (30D
COMFLEX SOL(30)Y»S0LA1(303

DATA AsCOLYAL/P00X (D v Q) s30X0,09P00¥70,90.02s /7
DATA INDsUCOL/30%0,30%0.0/

READ(S s 210INQsMsNO»F e 51952, T
READ(T, 220 Y MARIK s NW s NI

FI=4,0%ATAN(1.,0)

NQA1=2¥NQ+1

IF(MARK . EQR.1HIGOD TO 5

no 1 I1=1+NQ1

TNCI)=(I~-NQ-1)*T

4home

3 G

S ke

Fodwn i blar oo s oo T o




aooon

10
20

30
32

CONTINUE

GO TO 8
READ(5, 2305 (CT(I)»I=1,NW)
TH=T/2

DO 7 I=1sNF

D0 7 J=1,NU
TNCI+H(I-1)¥NPI=CT (4 (T-2)KTH
CONT INUE

NQ1=NFXNW
WRITE (65 150)NQsM
WRITE(65240)FsS1sS2yT
P=FX2%KF 1

S1=51k2KFI

S2=S2K2KFP T

EVALUATION OF THE ELEMENTS OF A ANI' I MATRIX,
EQUATIONS (3.2,14) AND (3.2.13) '

no 32 I=1yNQil

Lo 20 J=I»NQ1
TIJ=TNL(I)-TNCD)
IF(TILEQR.0.GD TH 10

ACTy DI=2X(SIN(TIRE2)~SINSTTI¥SII+SIN(TI IR ) /TI
ATy T)=A(Tsd)

60 TO 20

AT, H=2%(82-81+F>+.0001
CONTINUE

IF(TNC(T) LEQ. OGO TO 30
COLCI)=2%SIN(PRTNC(IN)/TNCI)D
GO TO 32

COL (X)) =2%F

CONTINUE

CALL AHERIV(ASCOLsHS,ETI1,NOL)
ET1=2%F-ET1

WRITE(S»19200ETH

EVALUVATION AND FLOTTING OF THE REQUENCY KEGFONSE
FOR THE FILTER USING ALL THE RASIS FUNCTIONS

NO1:=NOH)

L=0

ng 38 1-=1,N01
U=CHILX(O0vs0.)

DO 37 J=1,NQ1
X=2%FTXL*¥TN(J) /NO

V=U4H (O XCEXF (CHFLX (0. 9y X))
CONTINLE

L=L+1

Y(I)=CARS(V)
Y{(I)=20%ALOG(Y(I)4.0000001)

R R TSRS LIRS s 2 I S R S
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38 CONTINUE
X=1.,/NO
CALL FPLOTT(YsNO1s0Q.»OX»2.5y-100.0)

EVALUATION AND RE-ORDERING OF EI ERROR FUNCTIONS,
EQUATIONS (2.2,9) AND (2.2.,10)

aoonn

NS=NQ1-1
0o 40 IE=1»>NQ1
CALL DELTC(AsCOLsA1sDRCOLNQR1INSPIE)
CALL AHERIV(A1sDCOLsSOLSET1yNS)
ET1=2%F-ET1
ECIE)=ET1
40 CONTINUE
L0 60 K=1sNQ1
AE(KY=E/K) ,
IF (K=K
no 50 LP=1sNQ1
IF(AE(K) JLEJECLFIGD TO S0
AE (KDY =E (L) !
IF(RK)Y=LF ‘
S0 CONTINUE
. E(IF(KY)=1,0FE é
WRITE(AL5s170)IF(K) yAEC(K) oK
40 CONTINUE

C
C BEGINING OF THE SEARCH FOR REST SURSET
C

NR=NQ1-M

G0 70 I=1sNR

INR(CT)Y=1

70 CONTINUE
ng 80 J=1+M
INDCIHENR Y =0
80 CONTINUE
IE=-1
MP=NR+1
RR=AL (MF)
KF:=1
KFET=1
MI=M+1
ETAN=1.0E &
no 920 IT=1,M1
IF(IT.EQ,.1)G0 TO 82
KF=(KPX(NR+IT=-2)3/(TT-1)
KFT=KFT+KP
82 DO 86 K=1sKP
IF(IT.EQ.1)G0 T0O 83
CALL COMEBOCINDSNQ1sNRsNI) i
83 CALL INTGCAYCOLyAlyNICOL yHy INDs I v IF 1o NOQT 2 TNe NG, TL
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CALL AHERIV(A1,DCOL»SOLyET1,NS)
ET1=2%FP-ET1
ETA=ET1
IF(ETA.GT.ETAN)GO TO 86
ETAN=ETA
DO 85 IX=1sM
SOL1(IX)=S0L (IX)
IP2(IX)=IF1¢IX)
85 CONTINUE
86 CONTINUE
IFCETAN.LE.RR)GO TO 92
MP=MF4+1
ER=AE (MF)
90 CONTINUE
92 DO 93 L=1sM
WRITE(6y1807LsSOLIC(L) s TNCIF2(L)Y) '
93 CONTINUE
WRITE(65190)ETAN
WRITE (&9 200)KFT

EVALUATION AND FLOTTING OF THE FREQUENCY RESPONSE
FOR A BREST SURSET SELECTED FILTER

L=0

Lo 94 I=1sN0OY

V=CHMPLX{0vsG.)

ng 25 J=i1.M

X=2¥FT¥LXTNCIF2(.J)) /N0

VsUHSOL T G XCEXP (CMFLX (0, 0 X))
?5  CONTINUE

L=L+1

Y(I)=CARS (V)

YLI)=20¥%ALDG(Y(I)>+.0000001)
94 CONTINUE

CALL FFLOTT(YsNO1s0O,sIIXs2,.5y~100.,0)
100 FORMAT(212,F10.0)
110 FORMAT(4AF10.0)
120 FORMAT(SX» ‘DI(7 9 T125 )="»E10.2)
130 FORMAT(/9SXy 'CC7 s I29 ") (/H5E12.4y 7 s ‘HE1D .4y L]
140 FORMAT(//s5Xs ‘RSS FOR FULLL RASIS = ,F12.4)
150 FORMAT(//s5Xs ‘N="912y M= T2
160 FORMAT(/s5Xs "EC 512y’ ‘eE12,4)
170 FORMAT(/»SXs "EC 912"’ ‘yE14,.797 NO. 912y

X SMALLEST ERROR’)
180 FORMAT(//s’ HO oI29 /)= 3E12.497 9/ 912,45 7) "

X' T='»E10.,4)
190 FORMAT(/ /95Xy "ERROR =" yF.14.7)
200 FORMAT(//9SXy 'NO, OF SUERSETS EXAMINED “v168)
210 FORMAT(313s4F5.0)
220 FORMAT(I1,212)
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230 FORMAT(SFS.0)

240 FORMAT(/¢5Xs ‘PRAND =’»E10.,493Xs "SRANIIl =',E10.4+3X,
¥/SRANS2 =’3E10.493Xy'T='yE10.4)
STOF
END

SURROUTINE INTG IS FOR SELECTING THE ELEMENTS
OF A ANI!' B MATRICES FOR THE INDICATED SURSET

SUBROUTINE INTGC(A»COLsyAl1sDNCOLsHs IND»IFIF1sNQL1sTNsNSsIE)
COMPLEX A(30s30)»COLC30)sA1(30530)yCOL(30)sH(30)
REAL TN(30)

INTEGER IND(IOY»IP(30)sIF1(30)

K=0

Ki=1 '
Nno 26 K2=1sNQ1

IFCINDMK2)Y JEQ.1DG0 TO 24

IFI(KY ) =TF(K2)

R=K+1

Ki=Ki1+1

CONTINUE

NG=K

N0 2 I=1sNS

no 2 J=1IsNS

ALy I=ACIFICTI)yIFL (1))

Al Iy I0=A1(TIrJ’

CONTINUE

DO 3 K=1»NS

DCOL (KR =COLCIFLI(KDY)

CONTIMIE

RETURN

END

SURROUTINE AHERIV IS FOR SOLVING THE LINLAR
EQUATIONS AH=Rs AND EVALUATING THE
AFPFROFRIATE ERROR

SUBROQUTINE AHERIV(ASCOL »ySOL syET1sK)
COMFLEX A(30530)yC0OL (30 sRLIBO30)«G0L (30 yE1sE2vE35ET
Lg 5 I=1,K

po S J=1,K

RL(T s J)=CMPLX(0.90,)

DO 60 I=1.K

IF1=141

IM1 =11

IF(1.NEV126G0 TO 30
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no 20 J=2»K
RL(J»1)=CONJG(RL(1»J))/RL(1+1)
GO 70 &0

DO 40 J=I+K

RL{I»J)=A(1r])

DO 40 M=1,IM1

RLCTIs J)=RL(I» )-RLCIyMIXRRL (M, )
IF(I.EQ.K)GOD TO 60

DO 45 J=IF1,K

RLCIs I)=CONJG(RL (I vy D)I/RLLIsI)
CONTINUE

o0 100 I=1sK

IMi=I-1

SOL(IHY=COoL(I)

IF(I.EQR.1)G0 TO 100

Do 920 L=1,1IM1 '
SOL(I)=S0L(I)~8S0L(L)IYXRL(IsL)
CONTINUE

ng 140 I=1sK

J=K-1+1

IF(J.EQ.KIGD TO 130

JP1=J+1

DO 120 L=JF1lsK
SOLCJ)=80L (1) ~SOL (LYXKRL C3yl)
SOL(J)=80L(N)/RLCIr D)

CONT INUE

EVALUATION OF ERRORy EQUATION (3.2,17)

ET=0.

00 150 I=1sK
ET=ETH+COL (I>¥S0L (1)
CONTINUE
ET1=CARS(ET)

RETURN

END

SUBROUTINE COMRO GENERATES STRING OF ONFS AND
ZERQOS FOR DELETION OF EASIS FUNCTIONS

SUERQUTINE COMEO(JNsNQ1sMyNF) {0
DIMENSION JNC30) o
ONES=H L
NF =0 i 3
NF=1 I
CONTINUE

IF(JUN(NP) .EQ.0)G0 TO 10
IF(NF,.EQ.NQ1)GO TO 101
JN(NP)Y=0
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NF=NF+1
ONES=0ONES—1
G0 TO 2
10  JN(NP)=1
ONES=DNES+1
IF(ONES.EQ.M)GO TO 100
GO TO 1
101 NF=1
§ 100 RETURN
END

SUERROUTINE DELT IS FOR DELETING ROW AND
COLUMN OF A AND B MATRICES FOR EVALUATION
OF EI ERROR FUNCTIONS

oooonNn
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SURROUTINE DELT(A»COLsALsREOLsNQLs NG TE)
COMFLEX A(30,30)5COL(30)sA1(30530) s NCOLCI0)
TIEM=TE~1
IFCIEVEQ.1)60 TO 30
DO 10 I=1,IEM
DCOL (1) =COL(T)

DO 10 J=1,IEM
ALCT, D =A(Tsd)
ALy 1I=ACIrT)

10 CONTINUE
DO 20 I=1,IEM
N0 20 J=IEsNS
AL(T, H=ACTsJt1)

ALCI, DI=ACI+1, )

20 CONTINUE
IF(IE.EQ.NQ1)GO TO 50

30 N0 40 I=1EsNS
DCOL (I)=COL(I+1)

D0 40 J=IsNS
ALCT, D =ACT+1y J+1)
ALy D =ACJ+1 s I+1)

40 CONTINUE

! 50 RETURN

i END

sl oot 1337 oo

SUBROUTINE FFLOTT IS FOR FLOTTING THE
FREQUENCY RESFONSE OF THE FILTER

noona

SURROUTINE FPLOTTC(YsNRIMsXTyDXy YMAX s YMIN)

DIMENSION Y(NItIM)

DATA IBLANKyIFPOINT»IAST»IMINUS/Y ‘9 o v % 9/ ~" /9y IFRINT/6/
INTEGER PLOT(78)

IFCYMAX-YMIN) 2505545

sl SN s s N ) B P Ay M 4 AL S PR
iR N




10
20
30
40

60
62

68
70

1000

2000

80
81
82
83

84
85

20
100

110

130
140

YMAX=Y (1)

YMIN=Y (1)

N0 40 K=1,NDIM
IF(Y(K)-YMAX)20520+10

YMAX=Y (K)

IF(Y(K)-YMIN>30540,40

YMIN=Y (K)

CONTINUE

IF(YMAX-YMIN) 250,250,545

X=XI-DX

IF(YMINYSO» 60550

I3=0

G TO 70

IF(YMAX) 62y 68968

1Q=76

GO 10 70 )
IR=IFIX (76, (-YMIN/(YMAX-YMINY ) +.5)
KI=IQ+1

WRITE(IFRINTy1000)YMIN

FORMAT(’  YMIN= ‘y1FE10,3)

WRITE (IFRINT»2000)YMAX

FORMAT(’ YMAX= ‘s1FE10,3/)

N0 200 K=1sNDIM

YK=Y (K)

IF (YK-YMAX) 8158480

YK=YMAX

GO TO 83

IF (YK-YMIN)B82y 84,84

YK=YMIN

IQUE=TAST

GO TO 85

TQUE=TELANK

CONT INUE

IP=IFIX(76K((YK-YMINDY Z CYMAX~YMINY ) +.5) )
IR=IF+1 3
X=X+N1X : B
I7(YK)905 1505150 : K

no 100 I=1,IF ‘
FLOT(I)=IRLANK ! :
FLOT(IE)=IAST C
J=1ER+t1 ' %
00 110 L=J,1Q : i
FLOT (L) =IMINUS ) 3
IF(IF-1Q)13051205130 | 9
FLOT(KI)=TAST : 3
GO TO 140 ; )
FLOT(RKIY=IFOINT : 3
WRITECIFRINT»3000)XsY(K) s TQUEy (FLOT(M) s M=14K1) :
GO TO 200

N0 160 I=1,K1




160

170

3000
200

250

5000
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PLOT(I)=IRLANK

PLOT(KI)=IPOINT

J=KI+1

DO 170 I=J,IF

PLOT(I)=IMINUS

FLOT(IR)=IAST
WRITEC(IPRINT»3000)XsY(K)yIQUE (PLOT(M) yM=1,IR)
FORMAT(’ X=’31FE10.3s3Xs’ Y='51FPE10.3s3XsA1s’ \N'»77A1)
CONTINUE

RETURN

WRITE(IFRINT»S5000)

FORMAT(‘ ERROR-~-YMAX=YMIN’)

RETURN

END

—————
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FPROGRAM-2

THIS IS THE FROGRAM LISTING FOR UNIFORMLY-
SFACE FARAMETER FILTER

EVALUATION OF THE ELEMENTS OF A’ AND R’ MATRICES
OF EQUATION (3.3.3)

AT, ) A’ MATRIX

B(I) B’ MATRIX

HCTID COEFFICICNT MATRIX

M NO. OF COEFFICIENTS

F PASSERAND EDGE

S1 LEFT STOFRAND EDRGE

52 RIGHT STOFBRAND EDNGE
NI NO. OF DELTAS FOR SEAKRCH
NC NO. OF €8 FOR SEARCH
nEL INITIAL DELTA

DELD DELTA INCREMENT

CI INITIAL C

DELC C INCREMENT

c
(o
c
C
C
€
c
C
c
c
c
C
c
C
c
Cc
c
Cc
C
Cc
c
c
€
C
C

DIMENSION DNC(10)sY(101)sE(100)
COMPLEX H(10)yAC(10+10)yR(10) s HR(1Q) y TV
READ(S sy 100I)NO s My NIty NC
READ(S»110)F»S1yS2yDIEL s DELD
READ(S» 110)CIsDRELC
FI=4¥ATANC1.,)

ni=NEL

P=2%F 1%

S1=2¥%F1%S1

SR=2%FT¥E2

SER=1.0F &

Ki1=4

Co=C1

no S0 Ik=1sNC

N0 40 IlL=1sND

ng 25 I=1.M

no 15 Jd=I1+M

IFCTLEQ..DGO TO 10

X=N1%(I~-1)

ACT s D) =2¥ (SIN(S2%XX)~SINCSIXX)I+SIN(F¥X) ) /X
Al(JryId=ACIvyD)
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60 TO 15

AT J)=2%(S2-51+F)>+.0001
CONTINUE

X=(I-3)%N1+CO
IF(X.,EQ.0.)60 To 20
BR(I)=2%SIN(F%X) /X

GO TO 25

BRI =2%p

CONTINUE

CALL AHERIV(AsEyHsE1sETHM)

SELECTION OF THE SMALLEST ERROR ANID
CORRESFONDING COEFFICIENTS

E(IL)=E1

ET1=2%F~E1
WRITE(S6y125)COyDI14ET1
IF(SER.LT.ET1)60 TO 35
SER=ET1

Ce=C0

Rh=n1

no 30 L=1,M

HE(L)Y=H(L)

Di=D1+DELD

CONTINUE

CO=CO+IDELC

Ri=DEL

CONTINUE

WRITE(S6y 130)CRyRIy SER
Do 60 I=1+M
WRITE(S6y1A0)HR(I)

DO 62 I=1.M
DN(I)=(I~3)¥RIHCR
WRITE(Sy 150 (ONCI) s I=19})

EVALUATION AND FLOTTING OF FREQUENCY RESPONSE

NO1=NO+1 s
L=0 E
D0 70 I=1,sNO1 R
U=CHMFLYX (0. 50.) Lo
[0 65 J=1,M .
X=2%F I¥L¥DN(J) /NO o
V=U+HE (J) KCEXF (CMFLX (0, r X)) ;
CONTINUE b
L=L+1 ;
Y(I)=CARS (V) ;
Y(I)=20%ALOG(Y(I)+.0000001) i
CONTINUE b
DX=1,/NO oo
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CALL FPLOTT(Y'NO1+s0.,sDX94,¢-200.0)
CALL FPLOTTC(ESNLOsDELSDELCYy1.890,0)
100 FORMAT(IZ»3I2)
110 FORMAT(S5FS.0)
120 FORMAT(/sSXy’ DNELTA=’E10.4y¢ ERROR=‘y3E12.5)
125 FORMAT(3IXs ‘C=’yEQ.393Xs ‘DELTA=/yES. 293Xy ‘ERROR=’+yF12,6)
130 FORMAT(/sSXy REST C='9E10.4y’ REST DRELTA=’'yE10.4
X’ ERROR=‘,2E12.5)
140 FORMAT(/sSXy’'HE =/,2E12.5)
150 FORMAT(/ySXyS(E10.4+2X))
STOF
ENI

SUBRROUTINE AHERIV IS FOR SOLVING THE LINEAR
EQUATIONS A’'H=R‘s AND EVALUATING THE ’
CORRESFONDING ERROR FUNCTION

SURRQUTINE AHERIV(AYCOLySOLYELIYETsK)
COMPLEX A(10y10)sC0LC10Y s RLCIO«10)»SOL IO yEL1SsE2sEILET
ng 5 I=1sK
N0 9% J=1sK
G RLCLy D) =CMPLX(0.v0Q.)
NQ 60 I=1yK
IF1=1+1
IMi=1~1
IF(I.NELIYGD TO 30
ng 10 J=isK
10 RL(1sJ)=A(1s.0)
no 20 J=2yK
20 RL(Jy 1) =CONJGL(RL (1 DO /RLLCLy 1)
GO TO &0
30 N0 40 J=I.K 4
RL(CIy )=ACTs.1) :
NG 40 M=1yIM1
40 RLOI» D) =RLIs I)-RLCTsMIKRL (M 3D
IF(I.EQ.KXGO TO &0
L0 4% J=IP14K

S A

-

45 RL(JyI)=CONJG(RL(I»J))/RILCI+1) - -3
60 CONTINUE
80 DO 100 I=1,K
IM1=1-1 :
SOL(I)=COL(I) 3

IF(I.EQ.1)G0 TO 100

o 20 L=1,IM1
20 SOL(IN=S0L(I)-SOL(LIY¥RL IV
100 CONTINUE

DO 140 I=1,K

J=K-1+1

IF(J.EQ.K)GO TO 130
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IF(J.EQ.K)GO 7O 130

JP1=J+1

D0 120 L=JF1ysK

SOL () =S0L(J)-SOL(L)YXRL(JsL)
SOL(J)=SOL(J)/RL(Js D)
CONTINUE

EVALUATION OF ERRORs EQUATION (3.3.4)

ET=0.

DO 150 I=1,K

ET=ET+COL(I)XS0L(I)

CONTINUE

E1=CARS(ET)

RETURN .
END
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FROGRAM-3

THIS IS THE FPROCRAM LISTING FOR
TONE ESTIMATION.

AlyA2 TONES AMFLITULDES

R1,yE2 TONES FREQUENCIES

KN {0, OF SAMFLES

AlTs D) A MATRIX

CoL<I) B MATRIX

S0L.<1) COEFFICIENT MATRIX

E(I) EI’S ERROR FUNCTIONS .
SIR SIGNAL TO INTERFERENCE RATIO

SNR SIGNAL TO NOISE RATIOQ

COMMON FPlsyA1sA2sR1IsR2:T1L N2y D3:DAsN1y N2 s KN
REALXS N(S0)sE(SD) yAE(S0) s ALl vy AR RI s B2 WP Iy D11 o N2
REAL¥E D3yN4sF1yi"2yEC3syPIyRRYETASETAN

INTEGER IF(S0) s INR(SOY s INDR(EO)Y o INF(50) s JF(50)
INTEGER JJIPCS0) s LJIFP (S0 s R

COMPLEX¥1é6 A(S0»S0) s COL (G0 2 GOL(H0) s SOLLIGO) HETY
COMFLEXX1S S(S0+50) s LCOL(S0) s RRBSy Y (100 s UNHET
DATA AyCOLyIND/2BOOXCO.0ON0» Q. ONO) »TOXK(O DO G, 110 » S0%0/
FI=4,0R0%XDATANCL ., ONO)

REANNCS v 110X8NRsSIRe L o B2

IND1=0

INDE=0

Al=1.0L0

A2=ATX (10X ¥ (~STIR.720))

REAINGr10T3)RKNryAR

IX=34657137

Sh=A1% (10XX{(-SNR/20))

VAR=STkk?

WRITE(&s113)KN

WRITE(Sy 115041 A2

WRITE(Sy1170R1L 12

READC(S» 100 ILF Ty Ne MG oML »1t1 oy N2

IFCLFILEQ.1HYGO TO 2

GENERATION OF BASIS FUNCTTON FARAMETEKS

Ne1)=n1

D0 1 I1=2+N
DCI)=D(I-1>+02

GO TO 5
READ(S s 220IN1» N2y N34 19

[
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D¢1ry=nt

DO 3 I=2sN1
DAI)=DN(I-1)+N2
D(N1+1)Y=D3

no 4 J=2,N2
N1+ D) =D(N1+J-1)+04
N=N1+N2
WRITE(&69s210)N
IFC(INDLLEQ.1)6G0 TO 11

GENARATION OF GAUSSIAN NOISE IN DATA»
EQUATIONS (4.2.2) AND (4.4.1)

N0 7 I=1sKN

CALL GAUSS(IXsShs0.s\)

CALL GAUSS(IXsSDs0.rV1)

UN=CMFLX(VsV1)

F1=2.0L0%FIXR1

F2=2.N0¥FI¥R2
Y{I)=A1XCREXP (DUMPLX (O DOy FLI¥(I~-1)))

YD) =Y (D) +AQRXCDEXP (RCMPLX (O D0 2% (I-1)))
CONTINUE

IF(IND3LEQ.0XGDO TO B8

Pl=2.%XPIXDLIFP L))

FR=2 . %FIXDLJIF(2))

no 9 I=1sKkN
Y(I)=Y{I)=-SOL1 (1 )¥COEXF(ROMPLX(Q DO F1¥({-1)))
Y(L=Y(I)~80LT(2)XCREXP (ICMPLLX (O D0 2% (T-13))
CONTINUE

NS=N

EVALUATION AND RE-ORDERING OF EI ERROR
FUNCTIONSs, EQUATIONS (2.2.9) AND (22,2.10)

IE=0

CALL INTG(ASCOL»YsINDsIFsNeNSsLFIyIED
CALL AHERIV(ASCOLsSOLyYsETINGSsKN)
ETA=CHOARS(ET)

NS=N-1

no 40 IE=1,sN

CALL DELT(ASCOL»S»yDCOL yNs NSy I
CALL AHERIV(S,DCOL»SOLsYyETyNGsRKN)
E(IE>=CDARS(ET)

CONTINUE

NO 60 K=1yn

AE(K)Y =E(K)

IF(K) =K

DO S50 LP=1sN

IF(AE(K) JLEJECLF)Y)GO TO S0

AE (K)=E(LF)

79

e e T T

T H e WL




IF(K)=LF
50 CONTINUE
ECIF(RK)I=1,0E 6
60 CONTINUE
no 2000 IXX=1sN
WRITE(&6 170 IFPCIXX) v AECIXX) s IXX
2000 CONTINUE

c
C REGINING OF SEARCH FOR THE REST SURSET
c

DO 99 M=MS,ML
WRITE(6s150)NsM

NR=N-M

DO 70 I=1,NR

INDCI) =1

INDE(T) =1

CONTINUE

No 80 J=1,M

INDCJHNR ) =0
INDER(JENR) =0

CONTINUE

IE=-1

ME=NK+1

RR=AE ( MF)

KF=1

KFT=1

MI=M+1

ETAN=1.0E &

N0 90 IT=1,MI
IF(IT.EQ.1)G0 TO 82

KE= (KE*CNRFIT=2))/(IT~1)
KET=KFT4+KF

IO 86 K=1,KF
IF(IT.EQ.1)60 TO 83
CALL COMEOCINDGNsNRsNF)
CALL INTG(AsCOLsYsINI»IFsNsNSsLFIyIE)
CALL AHERIV(A,COL»SOLsYsETsNSsKN)
ETA=CRAKS(ET)
IF(ETA.GT.ETANYGD TO 86
ETAN=LETA

ETAN=ETA

DO 84 I=1,N
INDR(I)=IND(I)

CONTINUE

N0 85 J=1sid
SOL1(.)=S0L (.J)

CONTINUL

CONTINUE
IF(ETAN.LE.RR)GO TO 92
MP=MF+ 1
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BRR=AE (MF)
90 CONTINUE
92 J=0

ng 93 L=1sN
IF(INDROL) JEQ.1)G0 TO 93
J=J+1
JPC D =IP(L)
93 CONTINUE
no 99 LP=1y.4
LJPLP)Y=JF (L)
JIFCLPY =R
N0 24 KP=1y4.)
IF(LURPALP))Y JLEWJR(KFY)GOD TO 94
LJPLF)Y =JF (KF)
JIFCLF Y =KEP
94 CONTINUE
JRECIIFCLFY ) =1E &
S CONTINUE
WRITE(S6s200)XKFT
g 26 L=1,J
WRITE(S» 1300 s DCLIUP(LY Y+ Ly SOLT (L)
P46 CONTINUE
WRITE(Ss 1P0)ETAN
- 29  CONTINUE
REATICS» 240 Y IND2y INDNL » INIZ
IF{INR3LEQ.1I)GD TO 10
IFCIND2.EQ.1)XGO TO 101
GO TO 10
101 CONTINUE
100 FORMAT(I1»312+s2F10.0)
105 FORMAT(IZ»F10.0)
110 FORMAT(AF10.0)
113 FORMAT (/735X 'NO. OF SAMMLES =‘+¢14)
115 FORMAT(/9yTXy ‘Al=’sE10.4s5Xy "A2="9E10.4)
117 FORMAT(/ 90Xy ‘Fl1="yE10.49s5X%y'F2="9yE10.4)
120 FORMAT(EX s ‘DIC 9y TI29 )=/ 9E12,4)
125 FORMAT (/s 53Xy STIR="9yE10.495X s ‘SNR= sE10. 44V,
¥ VAR=yE10.,4)
130 FORMAT(/sSXy 'CC/ s 1297 )= (912,447 s "yE12.497 Y
140 FORMAT(//+5X 'RSS FOR FULL BASTIS =/9112,4)
150 FORMATC(//9SXy "Nz’ 312y’ M='H1I7)
160 FORMAT(/sGXy "E( 9129 )="yF13X,7)
170 FORMAT(/sTX sy "EC/ s 125 )= 38137y NO. w1l
¥/ SHALLEST ERROR7)
180 FORMAT(/,5X e L(/ oI29 7 )=’
¥E. 10,427 v ‘H»E10.457 )
190 FORMAT(//9y3Xy 'ERROR="E12.4)
200 FORMAT(//+5Xs NO. OF SURSLETS EXAMINED = ‘5»14)
210 FORMAT(//9sSXy "N=/912)
220 FORMAT(212+2F10.0)

2

I

PE1O Ay TY s TCC TRy 7 )7y
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230 FORMAT(//»5Xs’SUM OF COEFFICIENTS SQUARED =/,E12.4)
240 FORMAT(3I1)

STOF

END

SUBROUTINE INTG IS FOR EVALUATION OF ELEMENTS OF
A AND' B MATRICES FOR EACH SURSET TO RE EXAMINED,
EQUATIONS (4.2.14) THRU (4.2.16)

SURROUTINE INTGCAsCOLsY s INDsIFsNyNGSHLFIVIE)
COMMON FIsA1»A2yRISEB2yD1yD2y03sN149N1sN2sKN
COMFLEXX16 A(S0,50)sCOL(S0) s Y(50)
REALXS D(SO) s AI(S0) o Xs Y1 Y29 Y35A1 s A2yR1YR2HFI
REALX8 D1sD2sN35 D45 AK

INTEGER IND(SO)yIF(S0)y JF(S0)
IFCLFIVEQ.1O)GD TO 2

ne1d=n1

00 1 L=2yN

DCLY=Ndl -1)y+402

GO TN 9

De1y=m

DO 3 L=2yN1

N y=n(L~-1y402

DON1+L)Y=03

np 4 LL=2yN2
DONTHLL Y=T (N14LEL-1) 4114
IFC(IELEQ.QOYGD 10 30
IF(IELEQ.~1)00 TO 25

N&=N-1

ng 20 L=1sN

IFCL.NELIEYGDO TO 20

no 1% M= yNS

DIMY=11{M+1)

CONTINUE

GO TO 30

K=0

WNi=1

[0 26 K2=1sN

IFCINIKK2) JEQ.1)G0 TO 24
AL(KI)=N(IF(K2))

K=K+1

Ki=K141

CONTINUE

Do 28 K3=1:K

D(R3II=AN(KR3D

JP(K3)=K3

no 27 Ka=1yK

IF(D(K3) LE.ADR(K4))GD TO 27
DN(K3)=ANI(K4)




JF(K3)=K4

CONTINUE

ANCJF(N3))=1.0E &

CONTINUE

NS=K

N0 40 I=1,NS

D0 40 J=IyNS

X=(DCJ) DI IX2,0D0%F X

IF(I-140y50,40

CONTINUE

A(Ty D=1 . 0DO-CREXF (DCMPLXC(O DOy XHKND)Y ) )
ACTI» D=ACTy 1)/ (1. DO-CREXF (ICMPLX (0. DOy X))
ACJy ID=NCONJG(A(IrS))

GO TO &0

ACT Yy 1)=1,0N0%KN

CONTINUE

0o 80 K=1yN§

COL(KY=(0.110,0.110)

Y3=-2 ., DOXFIXD(K)

no 80 J=1s+KN

COL (O =COL(KI+Y (D XCREXF(NCHFLACO IOy Y3IX(J-1)))
CONTINULE

RETURN

ENI

i o 3 o B0’ -41 N1 D B =8 i pdaen e

SURROUTINE AHERIV IS FOR SOLVING THE LINEAR
EQUATIONSG AC=R AND CORRESFONDING ERROC FUNCTION

SURROUTINE AHERIV(AsCOL s SOL s YsET oK yhN)
COMMON FIsAl1sA2RBI R2>D1,D25113e04 N1 N2
REALX3 Al1sA2 yB1sRB2+yFIsCHyUN(TE0) L1502
COMFLEXX18 A(SOy00)sCOL (G0 s RILLS050) » SOL (B0
COMPLEXX16 XX1sY(100)sEL1sE2yE3yETy XX
D0 S I=1sK

no 5 J=1K

RLATy H=RCMPLX(O.0D0y 0000

nog 60 I=1sk

IFl=1I+1

IM1=1-~1

IFCTWNEL1O60 TO X0

no 10 J=1sK

RL(1, D)=AC1s 0D

no 20 J=2,K

KL (I 1)=DCONJG(RL(1s 1)) /RRL(141)

GO TO &0

ng 40 J=IsK

RL(TI» D)=ACTy».)

DO 40 M=1,IMt

RLCTy DI=RL(TIs J)-RLCTIsHIXRL (My.])

B R T PR YA i L
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45
60
80

?0
100

120
130
140

16

*)

84

IF(I.EQ.K)GD TO 40

DO 45 J=IF1,K

RLCJr» IY=DCONJGC(RLCI» J))/RL(ISI)
CONTINUE

DO 100 I=1,K

IM1=I-1

SOLCIY=COL(T)

IF(I.EQ.1)G0 TO 100

N0 90 L=1,IM1
SOL(IY=0G0L(I)-SOL(L)YKRL(IsL)
CONTINUE

L0 140 I:=1,K

J=K-T141

IF(JLEQ.K)GO TO 130

JF1=041

N0 120 L=JP1sK '
SOL (JY=S0L (J)-S0L (LYRRL CJsL)
SOL(J)=S0L () /RL(Jy D)

CONTINUE

EVALUATION OF ERRORy EQUATION (4.2,19)

E2=0.000

E1=0.01Q

no 15 I1=1,K
E2=E2S0L (T 1)YXDCONAG(COL.(T1))
CONTINUE

na 16 T3=1sKN
E1=E14CRARS (Y (T3) Y xXx2
CONTINUE
ET=(E1-E2)/KN

RETURN

FND

SULKDUTINE “OMRO 1S FOR GENERATING STRING
0F ONES AN ZEROS FOR NELETION OF. FROFER
RASTS FUMNC TONS

SURROUTTINE COMHOCJIN Ny Mo NIT)

DIMENGION  N:40)

TONES=

NF =0 ‘
NF =1 i
CONTTNUE

IFCONINF) LE L0060 T 10
IF NP EQWL D 0 TO 101
INCNF Y =0

NE=NE+1

IONES=TONE S 1




C
C

10

10
10

10

1
0

a1

&

GO TO 2

IN(NF)Y =1

IONES=I0ONES+1
IF(IONES.EQ.MIGO TO 100
GO T0 1

NF=1

RETURN

ENID

SURROUTINE GAUSS AND RANIU ARE FOR
GENERATING GAUSSIAN NOISE

SURROUTINE Gf'SS(IX»SsAMIY)
A=0.0

0 S0 I=1,12

CALL RANDUCIXs»IYs»Y)

IX=1Y

A=ALY

VU=(A-46.0)%5+AM

RETURN

END

SUBRROUTINE RANDIUCIX«IYsYFL)
IY=IX%60L539

IFCIY)ITsb96
IY=IY+21474834647+1

YFL=1Y
YFL=YFL*.4656613i:-9
RETURN

ENID

SURROUTINE DELT IS FOR DELETING FPROFER ROW
ANDI COLUMN OF A ANl R MATRICES FOR
EVALUATION OF EI ERROR FUNCTIONS

SURROUTINE DELT(AsCOLySyNCOL s Ny NS, IE)

COMFPLEX¥1S ACS0»50) s COL(50) « 5050500y NCOL (50,

TEM=It -1
IFC(IE.EQ.1)GD TO 30
no 10 I=tyIENM
NCOL(1)=COL (1)
DO 10 J=I»1EM
S(Iy D=ACTy.))
SCHeIdAC e T)
CONTINUE

no 20 1=1,JtM
o 20 J=1EsNS
S{IsI)=A(Ty. }+1)
S(JrTO=AC I+ 1)




30

40
50

CONTINUE
IFC(IE.EQ.N)GO TO S0
nQ 40 I=IEsNS
RCOL(I)=COL(I+1)

DO 40 J=IsNS

S(Iy I)=A(I4+1sJ+1)
SCIyID=ACI+1yI+1)
CONTINUE

RETURN

ENIt

86




FROGRAM-4

T e

THIS 18 THE FROGRAM LISTING FOR TuWO
FREQUENCY ESTIMATION RY COMFLEX SURSET
SELECTION AND WINDOWING TECHNIRUE,

T AN

e i g

AlsA2 TONES AMFLITUDES

R1yR2 TONES FREQUENCIES

KN NO. OF SAMPLES

A(TIsJ) A MATRIX

CaoLcI) B MATRIX

SOL I COEFFICIENT MATRIX

£ EI ERROR FUNCTIONS

SIR SIGNAL TO INTERFERENCE RATIO
SNR SIGNAL TO NOISE RATIO

NRUN NO. OF RUNS

SIS AR AT A MY i . - 4% prats

oocoooaooocoooon0on0n00n0nn

COMMON FIsAlyA2yRLIVR2+D1,02y03y04 N1 v N2yKN
REALXE DAY yE(A0) s AL (40> y AT y A2y RISy RO T

REAL¥G D102y 0354, RRyETASETAN 12

REAL¥8 EDN11(100)ED220100) s IMERISIIMER2y ST »STID
REALXES EDR1(100) yEN2(100) s IMEANT s IMEAN2 yUART »UARD
INTEGLR IF(40) s IND{AQ)  INURCA0)Y sy INF(A0) « J(40)
INTEGER LJP(40) sRy JIP{40)

COMPLEX¥16 AC40y40)sC0LC40) ySOL (40 S0 1 A0 HET
COMPLEX¥16 UNeS(40,40M ,0COL (40) y RRESsYL(100)

DATA AYCOL/1A00X(Q . QL0+ Q. 0NIQ) s 40% (O 11O O 1O /
nNATA IND/A40%0/

FIxq,0TO0KBATANCL . OO

FEADS s T10INRUNsSTR y SNy B1 vy B2
READCS s 1OTIKNy N1 o MGy ML,

Al=1.10

A=AI¥ (10¥¥ (-5IR/20))

WRITE (&9 230)KNy NEUN .
WRITE(Hs3H0)YA19A2 :
WRITE (6, 360)B1yR2 s T
KFT =) p @
IX=3457137
SU=A1X (10%k¥ (~SNR/20))
VAR=GLA%2

WRITE (&69280)SIRySNR VAR
Fl1=2.004T¥R1
F2=2.D0¥FI¥R2

EEERSVINY RUURRe

Sha s P @ e e AR T s T

C EEGINING OF EACH RUN

no 500 IJ=1sNRUN




AR s S M AR

88

' c GENERATION OF GAUSSIAN NOISE IN DATAy
' § € EQUATIONS (4.2.2) AND (4.,4.,1)
‘ [

3 DO 1 I=1yKN .

! CALL GAUSSC(IXsShis0, V) .
CALL GAUSS(IXsSNs0.sV1) ;
UN: CMPLX(V,U1) :
YCI)=A1XCDEXF (DCMPLX (O . IO F1k(I~1)))
Y(I)=Y(I)+APKCREXF (BCMPLX (0O DOy F2%X(T-1)))4UN

1 CONTINUE

C GENERATION OF RASIS FUNCTION FARAMETERS

N=10
NO=0
LFI=0 ,
I'i":’l
n2=ni
BO1)Y=0.00
no 2 I=2s10
P DCTY=N¢T-1)+01
NG=N
! i GO TO 7
! : 3 LFI=t
- DeLY=N3
(s =114
N0 4 J=2,95
NCIy=n¢J-1r+01
4 II45) =N J+4) 4D
N=10
NG:=N
= 7 IE=0
¥ CALL INTG(AsCOLsYsIND,IFsNsNSYyLFI»IE)
8 CALl AMERIV(A»COL »SOLsYsETyNSyKN)
ETA=CRARS(ET)

EVALUATION AND RE~-ORDERING OF EI ERROR C
FUNCTIONS, EQUATIONS (2.2.9) ANIN (2,2.10) oo

aonOoon

NS=N-1 ;N
D0 40 IE=1,N b
CALL DELT(AyCOL»SsDICOLsNsNSyIE) g
CALL AHERTV(SsICOL»SOLsYrETyNSsKN) E
E(IE)=CDAES(ET)

40 CONTINUE
N0 60 K=1sN
AE (K)=E (K)
IF (K) =K
D0 50 LF=1,N
IF(AE(K) JLE.E(LF))>GO TO S0




O AL MRS A KA T

[ ST

aoOo0n

60

70

80

83

84

8%5
86
87
88

90
92

AT

AE (K)=E(LF)
IF(K)=LP

CONT INUE
ECIF(K))=1.0E 6
CONT INUE

REGINING OF THE SEARCH FOR REST SURSET

N0 22 M=MS,ML

NR=N-M

Nng 70 I=1»NK

INTHCT Y=

INDR(I)=1

CONTINUE

ng 80 J=1sM

INDRCIENRY =0
INDER(JHNRIY =0

CONTINUE

IE=-1

MP=NR+1

BR=AE (MP)

Kfr=1

KFT=KFT+1

MI=Mt1

ETAN=1,0E &

0 20 IT=1,M1
IFCIT.EQ.1G0 TQ 82
KE=(RKPY(NR+IT-2))/(IT~1)
KFET=RFT4+KE

no 88 K=1lyKF
IFCITWEQ.1)YGO TO 83
CaLl. COMBOCINDyNyNRNF)
CALL INTG(A»yCOL sYsINDsyIPsNsNSyLFIIE)
Call AHERIV(AYCOL»SOLyYsETsNSsRN)
ETA=CLOARS(ET)
IF(ETALWGT.ETANIGD TO 86
ETAN=LTA

DO 84 I=1,4N
INDRCI)Y=INRCI)

CONTINUE

nog 85 J=1,M
SOL1(H=80L(J)

CONTINUE

CONTINUE
IF(ETAN.LE.RBRRYGO TO 92
MP=MF+1

BR=AE (MF') J

CONTINUE

J=0
no 93 L=1sN

89

e




e e e e o . N oo i e L oo "

90

=

IF(INDR(L).EQ.1)60 TO 93 !
J=J+1
JPCD=IPCL)
93 CONTINUE
DO 95 LF=1,J
LJP(LE)=JF (LF)
JJF(LF)=LP
D0 94 KF=1,.
IFC(LJF(LF) JLE . JF(KF))GO TO 94
LJFCLF ) = JF (KF)
JIP CLF ) =KF
94 CONTINUE “
JPCIIF(LPY)I=1E & —
CONTINUE

P

0
L&

APFLYING WINDOWS AROQUND SELECTED ’ 1 :
BASIS FUNCTIONS

ooOoo

NO=NO+1
ni=n1,/2
n2=nt
IF(NOL.GE 260 TO 505
D3=0C¢LJFP(1))~D1
DA=N(LJF(2) )~D1
GO TO 5064
505 MS=2
ML=2
IFC(RARS(O(LJF (L)) =D(LJIF(2))) JLE. . 00210060 TO 550
D3=D(LJF (1)) ~2%D1
D4=T1(LJF(2))-2%N1
506 IF(D3.GE.O.NQIGO TO S20 :
n3=0.00 i
IF(N4-D3I)IS25,525,520 ;
525 N4=DN44+2%I) i
520 IF(D4-N3-4%N1)501y502,503 2
501 D4=DN443%ni o

GO TO 503 Z

502 D4=N4+01 5
503 IF(ND.GE.7)G0 TQ 98 . : _g
3

k-l

IF(ETAN.GT.1.0E~-10)G0 TO 3
98 CONTINUL
99 CONTINUE
S50 EDI(I=D(LJIF (1))
ED2(I ) =DRCLIF(2))
WRITE(S»300YEDRI(TI ) SFR2CT.D) i
500 CONTINUE i

RO

EVALUATION OF MEAN AND VARIANCE OF
THE ESTIMATES

acooo
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CALL VARIANC(ED1,ED2,IMEAN1 y DMEAN2, VAR s VAR2 y NRUN)

WRITE(65290)

DO 510 IIi=1,NRUN

EDN11(II1)=DARS(EDNI(II1)~-R1)

ED22(II1)=DARS(EN2(II1)-R2)

- WRITE(S300)EDLIC(ITL) yEDRII(ITIL) yEDR(ITIL)SER22(TII1)
510 CONTINUE

DMER1=DAES (R1-DMEAN1)

DMER2=DARS (R2-DMEAN2)

STR1=DNSART(VAR1)

STD2=DSART (VAR2)

WRITE(&6y310)DIMEANT s IMEANZ

WRITE (46,330)DMERL s IMER2

WRITE(6y320)VAR1sVAR2

WRITE(&65340)STRLySTIR
100 FORMAT(I1+31I2,2F10.0)
105 FORMAT(2I3,212)
110 FORMAT{(IZs4F10.0)
120 FORMAT(SXs ‘D(’yI2s7)="'vE14.6)
130 FORMAT(/»3Xy 'CC 912y )= (' sE12.45' 5 '

XE12s4y° ) *)
140 FORMAT(//95X» 'R8S FOR FULL RASIS =/sE12.4)
150 FORMAT(//»3Xs‘'N=‘912y’ M='512)
160 FORMAT(/sSXs ‘E(/yI257)="5E12.4)
170 FORMAT(/ySX»EC’»I257)="5E12.4y’ NO, ‘»12

s/ SMALLEST ERROR’)
180 FORMAT(/sSXs 'CC oI2y/)=("sE12.45° v ‘»E12.4y’ )’)
190 FORMAT(//»5Xy 'ERROR="sE12.4)
200 FORMAT(//»SXy ‘NO. OF SURSETS EXAMINED = ‘»1I4)
210 FORMAT(//9ySXs "N="512)
220 FORMAT(2I2+2F10.0)
230 FORMAT(/s35Xs 'KN=’31393Xs ‘NRUN=',13)
280 FORMAT(/s5Xy SIR = ‘yE10:4s3Xy 'SNR ='»E10.453X

¥y ‘NVAR="yE10.4)
290 FORMAT(//+9Xs ‘FREQ1 s 7Xy 'FREQ-ERRORL‘» 7%, ‘"FREQ2

¥y 7Xs 'FREQ-ERROR2 )
300 FORMAT(/y2Xs4(3XsE12.6))
310 FORMAT(//»5Xs "MEAN1 = ‘yE12.6s7Xs "MEAN2 = ‘yE12.68)
320 FORMAT(/s5Xs 'VARIANCEL1='9E12.625Xy "VARTANCE2=",E12.6)
330 FORMAT(/+5Xs 'MERROR1="yE12,697Xs ‘MERROR2="yE12.8)
340 FORMAT(/»5Xy ‘STRIV1 = ‘sE12.6,3Xs/STNIV2 = ‘HE12.48)
350 FORMAT(/s5Xs 'Al='sE10.4+3Xs ‘A2='yE10.4)
360 FORMAT(/ySXy 'F1="yE10.453Xy 'F2='5E10.4)

STOF

END

.

SUBROUTINE INTG IS FOR EVALUATION OF ELEMENTS OF
A AND Kk MATRICES FOR ACH SURSET TO RE EXAMINED,
EQUATIONS (4.2.14) THRU (4.2.16)
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SURBRDUTINE INTG(AYyCOLYyY»INDsIFPINsNS»LFIYIE)
COMMON FPIsAl1+A2sR1+EB2,01,yD2:03,045N1sN2sKN
COMPLEX%16 AC(40v40)»COL(40)»Y(100)

REALXE DC(40)sA0C40) 9y Xy Y15Y2:Y3sA1yA2'R1yR24F1I
REAL%X8 D1,02,D13, D4

INTEGER INDC4A0)yIF(40)sJF(A0)

IF(LFI.EQ.1)G0 TO 2

-

DC1)=D1 ~ TN

DO 1 L=2,N Voo
DOLY=NnCh~1) 40t

GO TO 5 T
D(1)=n3

n(&)=04

00 3 L=2,5
DOLY=DC¢L-1) 401
DOL45)=DN¢L+4)+01
IF(IE.EQ.0)GD TO 30
IF(IE.EQ.~1)GO TO 25
NS=N-1

IO 20 L=1,N
IF(L.NE,IE)GO TO 20

DO 15 M=L,NS
DIMI=0(Mt+1)

CONTINUE

GO TO 30

K=0

Ki=1

N0 26 K2=1sN
IFCIND(K2) WEQ.1)G0 TO 26
ADCKI)Y=DC(IF(K2))

K=K+1

Ki=K141

CONTINUE

N0 28 K3=1,K
D(K3)=AN(K3)

JP(K3)=K3

00 27 K4=1,K
IF(D(K3),LE.ADN(K4))GD TO 27
DK3)=AD(KA)

JP(K3)=K4

CONTINUE
ADCJIF(K3))=1.0E &
CONTINUE

NS=K

DO 60 I=1,NS .
DO 60 J=IsNS o
X=(D(J)=D{I) )%, ONOXFI
IF(X)A40,50,40
CONTINUE

92
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3

AlIyI)=(1,.0N0-CDEXP(DCMFPLX(O,LOyXXKN) )
ACIy N)=A(TIs 1) /71 . DO-CREXP(NCHMFLX(O. IO X)) ))
AlJe I)=DCONJIG(A(TI»S))
GO TO 60
S50 A(Iy1)=1,0N0%KKN+.00001
60 CONTINUE
no 80 K=1sNS8
COL(KY=(0.00s0 . 110)
Y3=~2 , NOKFIXN(K)
ng 80 J=1sKN
COL(R)Y=COL(KY+Y (IXCREXP(ROCMPLX (O 0y Y3X( J~1)))
B0 CONTINUE
RETURN
ENI

SURROUTINE AHERIV IS FOR SOLVING THE LINEAR
EQUATIONS AC=R AND CORRESFONDIING ERROR FUNCTION

aonagon

SURROUTINE AHERIV(AYCOLySOL yYsETsKyKN?
COMMON FIsAlyA2yRIYE2e+DLs L2y N3y N4y N1 yN2
REAL¥E A1sA2»R1sR24PIvCaUNCE0)»CL1,(C2
COMPLEXX18 AC40+40)yCOLCA0) s RL A0y 403 v 501 (A0)
COMFLEX¥186 XX1oYC100) rEL1ED2SETHSET XX
N0 S I=1,sK
ne 5§ J=1sK
RLL{I o J)=DCMFLXCO.000,0.0010)
N0 &0 I=1sK
IFP1=1+4+1
IMi=1-1
IFCIWLNE.LO)GO TO 30
no 10 J=1sK
10 RLOI» D)=ACLeJ)
no 20 J=2,K
20 RLAI»D)=DCONJG(RL(1y 1)) /RL (141D
G0 TO &0
30 D0 40 J=I1+K
RLCIy D)=A{TIvd)
ng 40 M=1,sIM1
40 RLITI» D=RLCI»I)-RLOT«sMIRRL (MyJ)
IFCI.EQ.K)GD TO &0
0 4% J=1P1yK
4% RLOJy I =DCONJG(RL(I s D)/RLCINI)
60 CONTINLUE
80 DO 100 I=1,sK
IMI=I-1
SOL(I)=COL(I)
IF(I.EQ.1)G0 TO 100
no 90 L=1,yIM1
Q0 SOL(IN)=S0L(X)-SOL(LYXRL(IsL)

%]

TN i A1 0 . et i 5 A b B 52 P A o 2 0 AT G O N AR 7 bl D83 W AL S bt i

93

D

G AT

P e



IS st

o006

aooooo

100

120
130
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CONTINUE

0 140 I=1,K

J=RK~T+1

IF(J.EQ.K)GO TO 130

JP1=41

O 120 L=JFP1yK
SOL(J)=80L(J)-SOL(LIYXRL (JsL)
SOL(DH=S0L(I/RLCIs D)
CONTINUE

EVALUATION OF ERRORs EQUATION (4.2.19)

E2=0.,0I10

E1=0,0D0

RO 15 Ii=1,K
E2=E24+80L (I1)XDCONJG(COL (I1)) .
CONTINUE

no 16 I13=1yKN
E1=E14+CRARS(Y(I3) ) k%2
CONTINUE

ET=f1-E2

RETURN

ENI

SUBRROUTINE COMRO 1S FOR GENERATING STRING
OF ONES AND ZEROS FOR PROPER LELETION OF
RASIS FUNCTIONS

SURROUTINE COMROCINsNsMsNF)
DIMENSION JUN(40)
IONES=M

NF=0

NF=1

CONTINUE

IF CJN(NF)Y .EQ.0)GO TO 10
IF(NP.EQ.N)GO TO 101
JN(NF)Y=0

NP=NP+1

IONES=IONES-1

GO TO 2

JN(NF)=1

IONES=IONES+1
IF(IONES.EQ.M)GBD TO 100
G0 TO0 1

NF=1

RETURN

END
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SUBRROUTINE GAUSS ANDR RANRU ARE FOR
GENERATING GAUSSIAN NOISE

SUBROUTINE GAUSS(IXsSrAMIV)
A=0,0

D0 S0 I=1,12

CALL RANDU(IX»IY!Y)

IX=1Y

A=AtY

V=(A~4,0)%kS+AM

RETURN

END

SURROUTINE RANDUCIX,IYsYFL)
IY=IX*65§;9

IF(IY)Srte b
IY=1IY+2147483647+1

YFL=1Y ’
YFL=YFL¥.4656613E-9

RETURN

END

SURROUTINE VARIAN IS FOR EVALUATING MEAN
AND VARIANCE OF THE FREQUENCY ESTIMATES

SUBRROUTINE VARIANCEDL yEL2 s IMEANL s DMEANZ s VAR 1 s VAR2 y NRUN)
REAL¥8 ED1(100)+EDRR2(100) » DMEANL » IMEANZ y VAR
REALXS8 UVAR2sX1eX2

VAR1=0.N0

VAR2=0,010

DMEAN1=0, 110

NMEAN2=0 .00

0 10 I=1sNRUN
DMEAN1=DMEANT+EDL1C(I)
DMEAN2=DIMEAN2+ED2(1)
CONTINUE

DMEAN1=0OMEANT /NRUN
DMEAN2=DIMEAN2/NRUN

N0 20 J=1»NRUN
VAR1=VAR 1+ (ED1(J)-DMEANL Y k%2
VAR2=VAR24 (ED2(J) ~IIMEAN2 ) k%2
CONTINUE

VAR1=VAR1/NRUN
VAR2=VAR2/NRUN

RETURN

END

SURROUTINE DELT I8 FOR DELETING FROFER
ROW AND COLUMN O A AND R MATRICES FOR

Ry
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EVALUATION OF EI ERROR FUNCTIONS

SURRDUTINE DELT(AsCOL»S»yDCOLINsNS»IE)
COMPLEX%16 A(40,40),COLC40),S(40+40) ¢yDCOL (40)
IEM=IE-1 '
IF(IE.ER.1)G0 TO 30

RO 10 I=1isIEM
DCOL(I)>=COL(I)

N0 10 J=1,1EM
S(IvD=A(Is D)
S(JrI)=A(JsI)

CONTINUE

np 20 I=1,1EM

DO 20 J=IEsNS
S{IsJ)=A(IsI+1)
SCJr I =ACI+1, 1D
CONTINUE

IF(IE.EQ.N)GO TO S50

NO 40 I=IEsNS
DCOL(IH)=COLC(I+1)

0 40 J=1,sNS

S(Iv D=ACI+1sJ41)
S(JrI)=A(IH+1,I4+1)
CONTINUE

RETURN

END
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